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Appendix A.1 extends the results in Section 4 on the identification of coefficients in a linear
structure. Section A.1.1 allows for exogenous random coefficients and accommodates condition-
ing on covariates. Section A.1.2 reports empirical estimates that complement those in Section
8.1. Section A.1.3 studies a panel structure. Sections A.1.4 and A.1.5 study proxies that are
included in the Y equation. Appendix A.2 characterizes the OVB of nonparametric regression
and IV methods when U enters the Y and W equations additively separably. Appendix A.3
characterizes the nonparametric regression bias for f(z, 7*|z*) and B(x|r) in the nonseparable

case with discrete U, yielding analogous results to Theorem 5.1 with continuous U.

A.1 Linear Specification: Extensions

Except in Sections A.1.1 and A.1.2, we leave the covariates S implicit in the remainder of

Section A.1 in order to ease the exposition.

A.1.1 Exogenous Random Coefficients and Conditioning on the Covariates

Theorem A.1 generalizes Theorem 4.1 to allow for exogenous random coefficients and to ac-
commodate the observed covariates S. In particular, Section A.1 allows the coefficients in S.2
to depend on S and either Uy or Uy, (we sometimes leave the dependence of the coefficients on
(S, Uy) or (S, Uy ) implicit to simplify the notation):
Y = T(X, S, U, Uy) = X/B<S, Uy) + U/(Sy(S, Uy) + Oéy(S, Uy), and
W' =q(S,U,Uy) = U'dw (S, Uw) + o4y (S, Uw).
We also extend the expected value notation from Section 4 and write the deviation of a vector

A from its conditional mean as follows:

A(S)=E(A|S) and A(S)= A — A(9).
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Further, for random vectors B and C' of equal dimension, we denote the conditional linear IV

regression estimand and residual by:
Rapic(s) = Cov(C, B|S = s)"'Cov(C, A|S = s) and €apc(s) = Al(s) — B/(S)RA.BW(S).

If B = C, we obtain the conditional linear regression estimand R p(s) = Ra.p|p(s) and residual
€a.B(s) = eapp(s). Last, for a given s € S, we rewrite the equations for Y and W to absorb

into 7y and ny the deviations of the slope coefficients from their conditional means:

Y = X'B(s) + U'dy(s) +ny  with 1y = ay + X'B(s) + U'dy(s), and
W' =U'0w(s) + ny with 1}y = oy + U'dw (s).

Theorem A.1 extends Theorem 4.1 to accommodate random, albeit exogenous, coefficients

and the covariates S.

Theorem A.1 Assume S.2 (allowing the coefficients to depend on either (S, Uy) or (S, Uy ) ) with
C=Fkandm=1. Let s € S with Cov[Z, (Y, W')|S = 5] < 0.
(i) If (i.a) Cov(Z, X|S = s) is nonsingular and (i.b) Cov(ny, Z|S = s) = 0 then

B(S) = RY.X|Z(S> — B(S) = RU.X‘Z(S)Sy(S).

(ii) If, in addition to (i.a), (ii.a) dw(s) is monsingular with 6(s) = &, (s)dy(s) and (ii.b)
Cov(nw, Z|S = s) =0 then
B(s) = RW.X|Z($)5(3)~

Theorem A.1 derives the conditional (IV) regression OVB B(s) and shows how it depends
on Ry xz(s) and dy(s). Conditions (i.b) and (ii.b) of Theorem A.1 allow the slope coefficients
to be random but restrict the coefficient heterogeneity to be exogenous such that the repre-
sentation from Theorem 4.1 with constant coefficients holds (at the coefficients’ conditional
averages). In particular, it suffices for conditions (i.b) and (4i.b) that® Cov[(ay, o4y), Z] = 0,
E(B|Z,X) =0, and E[(8},0},)'|Z, U] = 0 so that the random effects® § and (&, &};,)’ are mean
independent of (Z, X) and (Z, U) respectively. In this sense, (ay, 5,dy) and (ayw, dw) are ex-

ogenous (“uncorrelated”) random coefficients*. The endogeneity or “essential heterogeneity” is

21f, in addition to E(B|Z, X) = 0 and E[(d},d}y,)'|Z, U] = 0, one strengthens Cov[(ay, ), Z] = 0 to
require E[(dy, &y )'|Z] = 0 then E[(7y, i) Z) = 0. In this case, E(Y — X'3 — W'4|Z) = 0 and it may be
possible to generate a sufficient number of instruments f(Z) to point identify 3 via the alternative estimand
Ry.(x',wy(z)- Nevertheless, E[(7y, 7y )| Z] = 0 is stronger than necessary to characterize the OVB of Ry x|z
in Theorem A.1. Instead, the weaker condition Cov(ny, Z) = 0 suffices.

3If X = (Z,Ux) then E(B|Z,Ux) = 0 implies E(8|Z, X) = 0. For example, this assumes that the average
return to education does not depend on the distance to school Z and the unobserved skill Ux.

4In the linear correlated random coefficient model, if valid instruments are available then one can also consider
IV methods, e.g. Wooldridge (1997, 2003) and Heckman and Vytlacil (1998).



due to U. When a proxy is available, Theorem A.1 characterizes 5(s) by
B(s) = Ry x1z(s) — Rw.x|2(5)3(s).

Analogously to the results in Section 4, magnitude and sign restrictions on d(s) can then be
used to either point or partially identify 3(s).

We comment on certain special cases that arise when allowing for covariates in S.2. If &y (.S),
B(S), and 0y (S) are constant then variation in the covariates S may point identifying (3, ’)".

In particular, when Theorem A.1 holds for all s € S, we obtain
Cov(Z,Y|S) = Cov(Z,X|S)B + Cov(Z,W|S)6,

and (f,0") is point identified if variation in S generates a system of at least k + m linearly

independent equations®. Even if this fails, applying the law of iterated expectations gives

B=E(Z(S)X'(8) E(Z(S)Y(5)) — B(Z(S)X'(8)) " E(Z(S)W (S))d.
In addition to d, this expression involves two IV regression estimands. Moreover, if Z(S) and /or
the conditional expectations (X (S)', W (S)",Y(S))" are affine in S, we obtain

B = E(ezseys)  Elezseys) — Elezsey.s)” Elezse.s)0.
Using partitioned regressions (Frisch and Waugh, 1933), the two residual-based IV estimands in
this expression can be recovered as the coefficients associated with X in the linear IV regression

estimands RY.(X’,S/)/|(Z/,S’)/ and RVV.(X/,S’)’\(Z’,S’)’-

A.1.2 Linear Return to Education: Results under Some Alternative Assumptions

We briefly report some empirical results on the return to education and the black white wage
gap that complement those obtained in Section 8.1 under restrictions on confounding. Here,
we maintain the linear return to education specification in Table 1. First, we consider the
bounds that result when assuming that W measures U with classical measurement error® (see
e.g. Klepper and Leamer (1984) and Bollinger (2003)). In this case, the perfect proxy estimate
for % in Table 1 provides the lower bound on % but the estimate for the upper bound on % is
very large, admitting values of d that correspond to unlikely 5 values (e.g. large negative return
to education and a large wage gap in favor of blacks). Second, as discussed in Section A.1.1, we
also study identifying (7, %)’ (and thus 3) when W is an imperfect proxy by using covariate-

conditioned IV regressions of Y on (1, G’, W)’ using functions of (G, S’)" as instruments. In

5In particular, we have E[Z(S)(Y — X' — W'5)|S] = 0 and (5,6')’ may be identified if interacting Z(S)
with functions of S generates sufficiently many instruments.
6This hold if Cov(Uy, (G',U)") = 0 and Cov(Uw, (G',U,U;,)") = 0 in equations (13).
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particular, using the W equation, we substitute for U in the Y equation. Then we consider
excluding parental education variables (e.g. mother or father education) from Gg and using
these as instruments for W. However, this yields unstable (e.g. varying depending on whether
the mother’s or father’s education is used as an instrument) and imprecise estimates. Also,
we estimate (7, %)’ via a two stage least squares regression of Y on (1, G, W, Gs)" where we
restrict Gg to S; and use the interaction” of G'x and S; as instruments for W (or for (Gx, W)
instead). This estimates g—VYV to be 0.54 with C'lj g5 [0.18,0.90], the return to education to be 3.4%
with C'ly g5 [0.6%, 6.1%], and the black-white wage gap to be —6.6% with C'Iy g5 [—15.6%, 2.3%)].
Qualitatively similar results obtain when we condition on the fuller set of covariates Gs and/or
augment the vector of instruments with the product of Gx and an indicator for low parental

education®.

A.1.3 Panel with Individual and Time-Varying Random Coefficients

We consider a panel structure whereby we index the observed variables M; and the exogenous
random coefficients in S.2 by t. It suffices to consider two time periods t = 1,2. Here, U may
denote time-invariant unobserved individual characteristics. We allow the proxy W; for U to
be an element Xy; of X;. Thus, for t =1, 2:
k1><1
Y;g = X{ﬁt + Uléyt —|—Oéyt = Xgﬁ_t + U/gyt +77Yt7 and
X{t - U,(SXlt + al)(lt - Ulgxlt + anlt’

where 7y, = ay, + X/, + U'dy, and Ny, = O, + U'dx,,. This is a panel structure with
individual (we omit the index ¢ for succinctness) and time-varying random coefficients. Note
that we do not require “fixed effects” and thus dy, need not equal dy,, .

For t,t' = 1,2, t # t', we apply Theorem A.1, using X; as proxy, to derive an expression
for B;. In this case, the conditions in Theorem A.1 require that (i.a) Cov(Z;, X;) is nonsingular,
(i.b) Cov(ny,, Z;) = 0, (ii.a) dx,, is nonsingular and (ii.b) Cov(nx,,,, Z;) = 0. For example, it
suffices for condition (éi.b) that Cov(ax,,,Z;) = 0 and E(éx,,,|U, Z;) = E(dx,,). Then, with
= 5)_(;, dy,, Theorem A.1 gives that for ¢,¢' = 1,2, t # ', the IV regression bias is

By = RYt.Xt|Zt — B = RU.Xt|Zt5Yt = RXlt/.Xt\Zt(St-

Here, f3, is point identified (1) under exogeneity with 3, = Ry; x,|z,, which holds if Cov(U, Z;) =
0, and thus Ry, x,z = 0, or 6, = 0, (2) when X, is a perfect proxy with degenerate
(OZXM,,(SXM,) and COU(U}Q,(Z£7 U’)/) = 07 so that (5_;,50/ = RYt~(X£,X/ )/‘(Zé’Xit/)/7 or (3) under

1t/

"The product of Gx with each of the indicators 1{S; = s;} for s; = (0,1),(1,0), and (1,1)
8This indicator takes the value 1 if neither parent has 12 or more years of education and is 0 otherwise.



proportional confounding when §, = d, is known. Alternatively, weaker restrictions on &,

partially identify j3;;, as in Corollary 4.3, in the region Bjt(x’,?:tht) forj=1,...,kandt=1,2.

A.1.4 “Under-Identification” Using Valid Instruments

It is possible that a proxy directly impacts the response Y. In this case, W = X, a component
of X. While Theorem A.1 does not rule out that W and X have common elements, conditions
(i.a) and (7i.b) imply that Z must be endogenous (i.e. correlated with U) in this case since
Cov(Z, X) is singular otherwise. Nevertheless, a vector Z; of one or a few valid instruments
may be available and the dimension of X may exceed that of Z;. A researcher may wish to
employ the exogenous instruments Z;. The next Theorem studies this possibility and provides
an expression for § which depends on the average direct effect of U on Y and the average effect

of U on X;. For this, we write
X =U'dx, + oy, =U'bx, +1y, with 1y, =d, + U'dx,.

Theorem A.2 Assume S.2 (allowing the coefficients to depend on Uy or Uy ) with EZI =
X
(Zl /, ZQ /)/7 X = (X1 /, XQ/)/, W = Xl, with fl,gg Z 0, {= k?, k’l = 1.

ele €2><1 kx1 k1><1 k2><1

(i) If (i.a) Cov(Z, X) is nonsingular, (i.b) Cov(ny,Z) =0, and (i.c) Cov(U, Z1) = 0 then

I 3 — -1 0 6
B = RY.X‘Z - 6 - COU(Z’ X) |: COU(ZQ7U) :| 5Y‘

(i) If (ii.a) bx, is nonsingular with § = 05,0y and (ii.b) Cov(nx,, Z2) = 0 then

— -1 0 S
B=Cov(Z,X) [ Cov(Za, X1) 1 J.

The conditions in Theorem A.2 are analogous to those in Theorem A.1, except that they
assume that Z; is uncorrelated with U and let Z; freely depend on ny,. Thus, if Z = Z,,
Theorem A.2 reduces to Theorem A.1 with W = X and no covariates. Instead, if Z = Z; then
exogeneity holds. Here, (1) 8 = Ry x|z under exogeneity which holds if Cov(U, Z;) = 0, and
thus Cov(Zs, X1) = 0, or § = 0, (2) (BY' +6", 3@") = Ry x|z when® X is a perfect proxy with
degenerate (ay,,dx,), and (3) 3 is point identified under proportional confounding (§ = d).
Otherwise, 3;, j = 1,..., k, is partially identified in the region Bj(x’,?:th) under assumptions
on how the average direct effect of U on Y compares in magnitude and/or sign to the average

effect of U on X;.

9We partition 5 = (81, 32)) corresponding to X = (X}, X3)".




A.1.5 Multiple Included Proxies

When W = X, condition (4i.b) of Theorem 4.1 generally rules out that X is a component of
Z. We relax this requirement and let W = (X}, X)) with two proxy vectors X; and X, that
are included in the Y equation and where X, and possibly X,, is a component of Z. This
allows for Z = X. Theorem A.3 derives an expression for 3 which depends on the unknowns

5;(}51/ and 5)};53/ involving the average direct effect of U on Y and the average effects of U on
X1 and X5. Here, we let 77 = X; and

X, =U'dx, + oy, = U'dx, + 1y, where ny =a, + Uy, forg=1,2.

Theorem A.3 Assume S.2 (allowing the coefficients to depend on Uy or Uy ) and let W =
(Xl ,7 XQI)/y X :(W/7 X?),)/7 Zl :X17 Z E(Zl /7 Z2 ,)/7 k1:k2:l7 k3207 E:k
k1><1 k2><1 kx1 k3><1 £x1 f1><1 €2><1

(i) If (i.a) Cov(Z, X) is nonsingular and (i.b) Cov(ny,Z) = 0 then

B = RY.X\Z - B = RU.X|ZSY-

(it) If (ii.a) dx, is nonsingular with 6, = ;(igy, g=1,2, (ii.b) Cov[nx,, (U, Z, X})']| =0, and
(1i.c) Cov(nx,,U) =0 then

B=Cou(Z X)™! { Cov(Z1, X)0 } .

OOU(ZQ, X1>51

The conditions in Theorem A.3 extend those in Theorem A.1 to allow the included proxies
X7 and X5 to be components of Z but they restrict the dependence between X, and nx, as
well as the dependence between U and (nx,,7x,). Here too, U may depend on X and Z.

We use the expression for # in Theorem A.3 to point or partially identify the elements of 3.

Corollary A.4 Assume the conditions of Theorem A.3. (i) If B; = 0 (exogeneity) then [; =
Ry xiz; for j =1, k. (i) If Xy (or symmetrically X,) is a perfect proxy with degenerate
(ax,,0x,) then'® Ryxz = (BY + &, 8% B (iii) If 6 = ¢; and &, = cy (proportional
confounding) then

_ [ Cov(z,, X
B By -3 Conz, ) [ G0 |

In particular, let d = (¢, &), § = (07,05), Xoz = (X5, X%), Pi = Covlez, zyx04, X1),

k1><k1
P, = Cov(eg, z,1x,, X233), and
(k2+k3)x (ka+k3)
A _ —RX2,S.X1|Z1P2_1COU(Z2,Xl), Pl_lcO’U(Zl,XQ)
kx(k1+ka) Py Cov(Zy, X1), —RXl_X2’3|Z2P1_1CO’U(Zl,Xg) '

10We partition 8 = (8, 52, f(3))’ corresponding to X = (X1, X5, X3)".
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Then
B = AS and Bj == Ry_)ﬂzJ — ZilzlAjhdh fOTj == 1, ceuy k.

Thus, §; is point identified (1) under exogeneity which holds if Cov(U, Z) = 0, and thus
Cov(Zy, X1) = 0, or § = 0, (2) if X; (or symmetrically X5) is a perfect proxy and 3 is
an element of (3@’ 3®) or (3) under proportional confounding (6§ = d). Otherwise, 3;,
j = 1,..,k, is partially identified in the region B;(x?L,D;), defined analogously to Corollary
4.3, under assumptions on how the average direct effect of U on Y compares in magnitude and
sign to the average effects of U on X; and Xo.

A.2 Additively Separable Confounders

This section studies the special case in which U enters r and ¢ additively separably.
Assumption 4 (S.4) Additive Separability: Assume S.1 with

Y = T<X7 Ua UY) = T(Xa UY) + UI(SY(UY)7 and
W' = q(U,Uw) = U'dow(Uw) + oy (Uw).

The exogenous random coefficient specification from Section A.1 is a special case of S.4 (for
simplicity, S.4 leaves the covariates S implicit) that further assumes that the effect of X on Y

is linear.

A.2.1 Average Nonparametric Effects

Under S.4 (separability) and condition (6a), the law of iterated expectations gives:
B(x,x*|x*) = E[i(z*, Uy) — #*(x, Uy)] = B(z, 2*).

Similarly, under S.4 and condition (6b), we obtain:

Blele) = Bl-#(z, Uy)] = Bo).

Theorem A.5 characterizes the OVB of the nonparametric regression estimands RY y (z, 2*) or
RY (z) for B(z,z*) or B(z) under S.4.

Theorem A.5 Assume S./ with m =1 and let x,2* € X.
(i.a) If conditions B.1(i.a) and (6a) hold then

B(z,2%) = RY 4 (z,2%) — B(x,2%) = R x(z,2%)dy.



(i.b) If (i.b.1) oy is nonsingular with § = y and (i.b.2) conditions B.1(i.e) and (7) hold
then

B(z,2*) = Ry, x (v, 2)6.
(ii.a) Set k = 1 and assume the conditions in (i.a). If (ii.a.1) L E(U'|X = x) exists and is finite
and (ii.a.2) for all ' € N(x) C X, a nonempty open neighborhood of x, E[#(z', Uy)] < oo,
aﬁ (:1cT wy) exists for a.e. w,, and there is a function A(Uy) with E[A(Uy)] < oo such that
| Zi (2t uy)| < Aluy) for a.e. uy then

B(z) = Ry x(z) — B(x) = Ry x(2)dy.
(7.b) If the conditions in (i.b) and (ii.a.1) hold then
B(z) = Ry, x(2)0.

The conditions in (ii.a) ensure that the moments and derivatives exist and that = E[#(z, Uy)] =
E[Z#(z,Uy)]. The expressions in (i.a) and (ii.a) for the biases B(z,z*) and B(z) show how
the OVB depends on RY y(7,2*) and dy. As in the linear case, under conditional exogene-
ity B(z,r*) = RY «(x,2*) is point identified. This obtains if E(U|X) = E(U), in which case
RY (x,2*) = 0, or Sy = 0. Alternatively, if W is a perfect proxy with (dy, ayy) degenerate
then, provided Uy L(U, X), we have that 3(z,2*) and § are point identified by:

EY|X =2 W=w) - BE(Y|X =2,W =w) = 3(x,2*) and
1
(w* — w)
When W is an imperfect proxy, Theorem A.5 shows that 3(z,2*) and B(z) depend on the
average direct effect of U on Y and the average effect of U on W via § = §;;/ oy

EY|X=2,W=w")-EY|X =2,W=w)=4.

5(37795*) = R}]XX(x,x*) - R%X(xvx*)g and B(x) = Rgx(x) - R%X(x)g'

In this case, 3(x,z*) is point identified under proportional confounding, when & = d is known.
Alternatively, restrictions 9, € D), = [dL p, dip] on the magnitude and/or sign of confounding

can partially identify 8(z,2*) in the region B(x™ D;) given by:
Bz, 2*) € B(x]Dy) = {RY (v, 2%) — R, x(z,2")d : dj, € Dy, h = 1,...,m}.

These restrictions are weaker than requiring 6 = 0 (which ensures exogeneity when R,  (z) #
0 and U depends on X), a perfect proxy estimate for §, or proportional confounding (§ =
d). Arguments similar to those in the proofs of corollaries 4.3 and 5.2 show that the region
B(xj",Dy,), defined above, is sharp under the assumptions in Theorem A.5 and the restrictions

Dy, h =1,...,m, on confounding. Analogous results hold for 3(z).
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Last, Theorem A.5 shows that imposing m restrictions on 3(-,-) or 3(-) provides another
avenue to point identify 3(z,2*) or 3(x). For example, if m = [ = 1 and one assumes that
B(xf,2*) = 0 for 2T, 2% € X, as occurs if a nondegenerate component of X is excluded from

r and thus the Y equation, then, provided RY, (zf, 2%) # 0, 6 = % and B(z,x*) is

therefore point identified. Analogous restrictions can point identify 3(z).

A.2.2 Local and Marginal Treatment Effects

Suppose, in addition to S.4, that X is generated as in S.3 so that:
Y = ’I“(X, Uy) + U/(Sy(Uy), X = 1{UX S V(Z)}, and W, = U/(Sw(Uw) + Oé%,V(Uw)

Given separability in S.4 and condition (10), the law of iterated expectations gives:

Bl(z) < Ux < (=), 2*) = Bli(1,Uy) — (0, Uy)(2) < Ux < u(=")] = B(w(2) < Ux < v(="))
and

B(v(z),z) = E[i(1,Uy) — #(0,Uy)|Ux = v(2)] = B(v(2)).
Theorem A.6 characterizes the OVB of the Wald or LIV estimand for LATE or MTE.

Theorem A.6 Assume S.3 and S.4 withm = 1. Let z,z* € Z with Pr[v(z) < Ux < v(z*)] > 0.
(i.a) If conditions B.2(i.a) and (9,10) hold then

B(v(z) < Ux <v(z%)) = Rﬁ"%‘é(z 2*) = Bv(z) < Ux <v(z¥) = RI{]V;L(TZ( ,2%) 0y

(i.b) If (i.b.1) Sw is nonsingular with § = &Sy and (i.b.2) conditions B.2(i.e) and (11) hold
then
B(v(z) < Ux <v(z%)) = R%‘ﬁé‘fz(z 2*)d.

(ii.a) Set ¢ =1 and assume the conditions in (i.a). If (ii.a.1) LE(U'|Z = z) exists and (ii.a.2)
v(-) is differentiable at z with Lv(z) # 0 and B(-) and fy(-) are continuous at v(z) with
fux(v(2)) > 0 then

B(v(2)) = Ryx|z(2) — B(v(2)) = Riix|z(2)dy-.
(7.b) If the conditions in (i.b) and (ii.a.1) hold then

B(v(2)) = Rijx|2(2)0.

The regularity conditions in (ii.a) enable applying theorems for the derivative of an integral.
The expression for the Wald OVB shows how this depends on Ry ,(z,2*) and éy. The OVB



vanishes under exogeneity, which holds if E(U|Z) = E(U), and thus R%‘;ﬁ‘fz(z,z*) = 0, or

dy = 0. In this case, we obtain the standard point identification result:

Bv(z) < Ux < v(2") = RYK5(2, 7).
If W is a perfect proxy, with (dw,ay ) degenerate, then provided (Ux,Uy)L(U, Z), we have
that 3(v(z) < Ux < v(2*)) and § are point identified:

EY|Z=2W=w)—-EY|Z=2W =uw)
EX|Z =2W=w)—- E(X|Z=2W =w)

1 _
EY|Z=2z,W=w")—-EY|Z=2W =w) =0.

(v — w)

= B(V(Z) < Ux < l/(z*)) and

When W is an imperfect proxy, Theorem A.6 gives that
Br(z) < Ux < v(2") = RyKz(2,2") — Ryiz(2,27)0.

Thus, proportional confounding, with known 0 = d, also point identifies 3(v(z) < Ux < v(z*)).

Alternatively, magnitude and sign restrictions on confounding partially identify LATE:

Bv(z) < Ux <v(2") € B(x}_,Dy) = {Ryj“(l‘dz(z, 2*) — R&VK%TZ(Z, 2)d : dp € Dp,h=1,...,m}.

These restrictions are are weaker than requiring § = 0 (which ensures exogeneity when RVVK%IZ(Z, 2*) #

0 and U depends on Z), a perfect proxy estimate for 4, or proportional confounding (6 = d).
Arguments similar to those in the proofs of corollaries 4.3 and 6.2 show that the region
B(x}3*,Dy), defined above, is sharp under the assumptions in Theorem A.6 and the restric-
tions Dy, h = 1,...,m, on confounding. Analogous results obtain for 5(v(z)).

Building on the results in Heckman and Vytlacil (2005), the bounds on MTE can be used
to point or partially identify the average treatment effects for the population, treated, and
untreated under restrictions on confounding. Similar to when exogeneity holds, this requires
support conditions for Z. In particular, since Uy is absolutely continuous, we obtain the

convenient representation
X =HUx <v(2)} = HFy, (Ux) < Fy, (v(2))} = {V < P}

where V'« Unif[0,1] and P = p(Z) equals the propensity score Pr(X = 1|Z) when Ux 1 Z.
For instance, we can rewrite the MTE 3(v(2)) as B(p) = E[B(U, Uy)|V = p|, with p = p(2).
Applying Theorem A.6 for almost every p using the representation X = 1{V < P} with
potential instrument P = p(Z), gives that 3(p) = RXL,'%P(p) — Rﬁ{}/(w(p)g. If P has the unit

interval for support then the average treatment effect is characterized by:
1 1
5= [ Bwp= [ IRENp(0) ~ Bl p0)3)dp
0 0

10



Similarly, the average treatment effects for the treated and untreated are characterized respec-

tively by

1 1
[ ) - R0 sy and [ IRE )~ REN 0]y
As these expressions show, these average effects are point identified under conditional exogene-
ity, e.g. B(p) = 0, using a perfect proxy to point identify &, or under proportional confounding
with § = d. Moreover, they are partially identify under sign and magnitude restrictions on 0.
Last, Theorem A.6 also shows how imposing m restrictions on B(v(z) < Ux < v(2*))
or B(v(z)) can point identify this effect. For example, if m = [ = 1 and one assumes that
Brv(z") < Ux < v(zh) = B(v(2) < Ux < v()) for 2t, 2%, 2,2 € Z, as occurs if a nondegenerate
Wald

component of Z is excluded from v and thus the X equation, then, provided Ry, X (21, 2%) £

Wald (5 5\_ pWald
RWald (Z Z) 5 = RY.;\Z(Z’Z)*RY.;\Z(ZTin)
wx\z(% %) 0 = Fralr G o Ry 7

Analogous restrictions can point identify 3(v(z)).

and B(v(z) < Uy < v(z*)) is therefore point identified.

A.3 Nonseparable Discrete Confounder

Let r and ¢ be nonseparable functions, with Y and W generated as in S.1:
Y =r(X,U,Uy) and W =q(U,Uy).

Theorem A.7 characterizes the nonparametric bias B(x,z*|z*) or B(z|z) of RY(x,z*) or
RY () in recovering the average effects 3(z,*|z*) or B(z|z) in the case of discrete U. This
complements the results in Theorem 5.1 for continuous U. As in Corollary 5.2, B(z, x*|z*)
or B(z|z) are partially identified by imposing restrictions on the average effects of U, when

changing u to u*, on Y at x and on the scalar W, denoted by:

(x,u*) —7(z,u) = Elr(z,u",Uy) — r(z,u,Uy)] and
Elq(u”, Uw) = q(u, Uw)]-

[=2)
b.<
—
£

£
a¥

Il

il

ow (u, u*) = q(u*) — g(u)

Theorem A.7 Assume S.1 with m = | = 1 and x,x* € X. Suppose that U, U U, =
{uo,ur,...,ur} withug_y <wug for g=1,...., L and that 7(Z,u) < oo and §(u) < oo for & = x,z*
and all u € {ug, uy,...,ur}.

(i.a) If condition (6a) holds then

B(z,z*|2*) = RY y (x,2*) — B(z, z*|2*)

L
= =3 by (g, g 0) [ (g 2) = Fyx (g ])]
g=1

11



(i.b) If condition (7) holds then

Riyx(@,2”) = =) dw (g1, u9) [Fopx (ug-1]2%) — Fyix (ug-1]2)).

g=1

(i) Set k = 1 and suppose that 2 fix(ug|x) exists and is finite for all ugy € {ug, us, ..., ur}.
(ii.a) If conditions B.1(ii.c) and (6a,6b) hold then

8
B(z|z) ERQX( ) — x|x 251/ Ug—1,Ug, T 8 FU\X(Ug 1]x).

(ii.b) If condition (7) holds then

L

- 0
R%.X(ﬁf) = - Z 5W(ug—17 Ug)gFU\X(Ug—ﬂ@

g=1

B Online Appendix B: Mathematical Proofs

Proof of Theorem 4.1 (i) By (i.b) we have
Cov(Z,Y) = Cov(Z,X)B + Cov(Z,U)dy,
and thus, by (i.a),
Ry x|z = B+ RU.X\Zgy.
(17) By (ii.b) we have
Cov(Z,W) = Cov(Z,U)éw,
and thus, by (i.a) and (ii.a),

Rw.x|z0 = Ry.x 20y
Proof of Corollary 4.2 (i,iii) The proof is immediate. (ii) Substitute for U’ = (W' —
Ulyaw)dy; in the equation for Y and apply Theorem 4.1(i) after relabeling the variables.

Proof of Corollary 4.3 The bounds obtain directly from 5 = Ry x|z — Rw.x| 0. We have that
B;j(x™_Dy) is sharp since for each b; € B;(x7,Dy,) there exist random variables (V, Vi, Vi)
and constant vectors b (whose j element is b;) and dy and matrix dy with d;'dy = d €
XDy, such that Cov[(Vy, Vi), Z] = 0 and

Y=Xb+V'dy +Vy and W =V'dy + Viy.

In particular, consider the linear mapping L; : Dy X ... x D,, — B; given by Bj = Ryx|z; —

Ry x| ZJJ. Since D; X ... X D,, is connected, B; is totally ordered, and L; is continuous, the

12



generalized intermediate value theorem ensures that for every b; € B;(x7,Dy,), there exists a
vector d € X Dy, of constants such that L;(d) = b; (see e.g. Pugh, 2002, p. 83). Let dy and

dy be any constant matrix and vector such that d = czl},lcfy (e.g. dw = I and dy = J) and set

Y = X'Ryxiz +evxiz+ E(Y — X'Ryx|z)
= X'(Ry.x|z — Rw.x|zd) + (X' Rw.x|zdy} )dy + lev.x1z + E(Y — X'Ry x|7)]
=Xb+V'dy +V4  and
W= XIRWX\Z + ewxjz + E(W — X/RWX|Z)
= (X'Rw.xzdy )dw + [ewxz + EOW — X' Rw.x|7)]
= V'dw + Viy,

where the above identities and Cov[(Vy, Viy)', Z] = 0 hold by the definition of €4 pjc.

We make use of the following regularity conditions in the proof of Theorem 5.1. For this, we
let #(x,u) = E[r(z,u, Uy)] and q(u) = E[q(u, Uw)]. It is implicitly assumed that the referenced
derivatives exist. We view the case in which U|X = z (or U|X = z*) is degenerate as a limiting
case as 7 — 0 for a sequence of absolutely continuous [y y(u|z) that satisfy the regularity

conditions in B.1 (see e.g., Bracewell, 1986).

Assumption B.1 Let z,z* € X, and denote by N(u) C U and N(x) C X nonempty open
neighborhoods of u and x respectively.
(i.a) Elr(z,U,Uy)|X = 2*] < 00 and E(Y|X = &) < oo for & = x,x*,
(i.b) Upe = U,
(i.c) 7(x,-) is absolutely continuous on U,,
(i.d) for a.e. u and all ut € N(u), 7(z,u’) < oo and there is a function Ay, (u,) with
E[A1,,(Uy)] < 00 such that | Zr(z,ul,u,)| < Ayu(uy) for ae. uy,
(i.e) EW|X =) < o0 for & = z,x*,
(i.f) G(+) is absolutely continuous on U,
(i.g) for a.e. w and all ut € N(u), glu’) < oo and there is a function Ty, (uy) with
El'1.(Uw)] < oo such that | Zq(ul, u,)| < Ty u(uw) for a.e. uy,
(ii.a) for all x* € N (z ), ot = Z/l and Fyx(-|z') is absolutely continuous on U,
(ii.b) for all z7 € N(x fu u) fuix (uzT)du < oo and there is a function No(u) with
Ju, Da(u)du < oo such that | & {7 ( xT, u) foix (ulzh)} < As(u) for ae. u,
| (ii.c) for a.e. u and all ¥ € N(z), 7(a',u) < oo and there is a function As,(u,) with
E[As,(Uy)] < oo such that | Zr(zt, u,uy)| < Asu(uy) for ae. u,,
(ii.d) for all 7 € N(x), there is a function A4(u) with fu Ayg(u)du < oo such that
|2 fuix (ulz)| < Ay(u) for a.e. u,

13



(ii.e) for all 27 € N(z fu u) foix (ulzt)du < oo and there is a function Ty(u) with
Juu, Ta(u)du < oo such that ‘q 8IfU|X(u\xT)‘ < Ty(u) for a.e. u.

The absolute continuity of #(z,-) and g() on U, in B.1 ensures that 27(z,-) and 2q(-)
exist for a.e. u and are integrable. Assuming that derivatives are bounded almost everywhere

by an integrable function justifies the interchange of derivative and integral.

Proof of Theorem 5.1: (i.a) By B.1(i.a), we have
Bz, z*|2*) = RY y(z,2%) — {E[r(z,U,Uy)|X = 2*| — E[r(z,U, Uy)|X = 2]},
where the second term is B(z,z*|z*). Using equation (6a), we have for & = x, x*:
Elr(z,U,Uy)|X = i] = E[f(z,U) | X = .

By B.1.i(b, ¢) and absolutely continuity of Fyx(-|Z), integration by parts gives:

Bz, a"|2*) = / F,u) oy (ul2?) — fopx (ul)d

x

= 7(x,u)[Fyx (ulz*) — FU\X(U!x)HZ— 5 aa (@, u)[Fyx (u|lz*) — Fyx (u|z)]du

with uw and @ the (possibly infinite) infimum and supremum over U,. The first term vanishes
and the result obtains since, by B.1(i.d), &7(z,u) = dy(u;z) for a.e. u (see e.g. Corbae,
Stinchcombe, and Zeman (2009, Theorem 7.5.17) or Bartle (1966, corollary 5.9)).

(2.0) Similarly, equation (7) and B.1.i(b,e, f, g) give

R o (z,2") = / 40) o (ule®) — fopx (ula))du = — / S () Fupx (ul2*) — Fupx (ul))du

(77.a) Using equation (6a) and interchanging the derivative and integral by B.1.ii(a, b):

RYx(e) = G B 01X = 2] = 2 [ ) fx(ulo)a

:/M [gf(:z:,u)]fUX(u]a:)du+/ F(z,u)[(%fmx(u\x)}duzﬂ—|—T2,

0w U,

where the product rule derivatives exist by B.1.ii(c,d). By B.1(di.c) and equation (6b):

T = / aﬁE[ (z,u, Uy)] fuix(ulz) du= / E[a%r(:c,u, Uy)] foix (ulz) du

Us

/ E| —'r z,u, Uy)|U = u, X = ] fux(ulz) du = B(z|z).
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By B.1lii(a,d) and B.11i(c,d), integration by parts gives

0 ! 0 0
Ty = 7(x,u) %me(ukx) _/u %f(:p,u)%me(uM)du

= —/ Sy(U;I)%FMX(UlI)du = B(z|z).

(42.b) Similarly, equation (7), B.1.i(f, g), and B.1l.ii(a,d, e) give
Ry y(z) = 3/ q(u) fux(u|z) du = —/ 5 (u)gF (u|x)du
W.X = or " q UlX = w5, UlX

T

Proof of Corollary 5.2: (i) Since dy (u; z) = d(u, x)dw (u) for a.e. u € U,, we have:
B(x,z*|z*) = —/ d(u, 2)ow (u)[Fyx (u|z*) — Fyx (u|x)]du.
Since dw (u)[Fyrx (u|z*) — Fyix(ulz)] does not change sign for a.e. u € U, and

Ry (z,27) = / B () [Fiopx (™) — Fop (ufa)) s,

T

we have that d(z) < d(u,z) < dy(zx) gives
B(IL‘,?L’*|I'*) < {R]V\[[/X(I7x*)d d e D(ZL’)},

The bounds then follow from §(z,x*|z*) = RY (v, 2*) — B(z, x*|z*).

B(D(z)) is sharp since for a given z,2* € X and each effect b(z,z*|z*) € B(D(x)) there
exist random variables (V, Vi, Vi) and functions r* and ¢*, such that Y = r*(X,V,Vy) and
W = q*(V, Viy), that satisfy the conditions in Theorem 5.1 and Corollary 5.2. For this, let

1
Ry x(z,27)

d(x)

(Ry x(z,27) = bz, 27|2"))

(recall that if RY, (z,2*) = 0 then B(D(x)) is a singleton) so that d(z) € D(z). Further, let
dy and dy(r) be any constants such that d(z) = dy,/dy(z) (e.g. dw = 1 and dy(x) = d(z)).
Then it suffices to define V', V3, Vi, r* and ¢* as follows

Y=EY|X)+[Y - EY|X)]
= {E(Y|X) - E(W|X)d(2)} + [E(W|X)dy'|dy (z) + [Y — E(Y]X)]
= r{(X) + Vdy(z) + Vyy = (X, V, Vy),
W=EW|X)+[W-EWI|X)] =Vdw + Viy = ¢ (V, Viy),

so that

b(z, 2"|z") = ri(a”) = ri(2) = Ry x(2,2") — Ry x(z,27)d(2).
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By construction of V, Vi, and Vi, the analogues of equations (6a) and (7) hold since for

27, % € {x,2*} and all v € V3, we have:

Elr* (2!, v, )|V = v, X = #] = E[ri(a") + vdy(z) + W|X = &] = r{(a") + vdy(z) = E[r* (2", v, 3)],
Elq"(v,Vw)|V = v, X = &| = Flvdw + Vig| X = &| = vdw = E[¢" (v, Viw)].

Also, E[Zq*(v, Viy)] = dw clearly does not change sign. Last, Fy|x(v|i) is degenerate:
Fyix(v]@) = Pr[E(W|X = @)dy <v|X =i = Hv— E(W|X = &)dy),
1 ifo<t

0 ift<0

is either nonnegative or nonpositive for all v. Here, we view Fy|x(v|#) as a limiting case as

where H () { is the Heaviside step function and we have that Fy | x (v|z)—Fyx (v|z*)

7 — 0 for a sequence F;| +(v]Z) that, along with the additively separable functions r* and ¢,
satisfy the regularity conditions in B.1 to interchange the order of well defined derivative and
integral (see e.g., Bracewell, 1986).

(7) The bounds obtain using similar arguments to (i). The sharpness proof constructs V,
Vy, Vi, r*, and ¢* analogously to (7). In particular, for a given x € X and each b(x|r) €
B(D(x)), set dy dy(z) = d(z) = m(Rﬁx(x) — b(z|z)) so that b(z,|z) = Zri(z) =
Ry y(z) — Ry} x (z)d(z). The analogue of equation (6b) holds since E[-Zr*(z,v, Vy)|V = v, X =
z] = Zri(z) for v = E(W|X = z)dy;'. Further, we have 2 Fy|x(v|z) = —RY, x(z)dy' (v —
E(W|X = z)dy;) where § is the Dirac delta function with an impulse concentrated at E(W|X =

z)dy;

Analogously to Theorem 5.1, Theorem 6.1 employs regularity conditions that we collect in
Assumption B.2. In what follows, we slightly abuse the previous notation and write 7(z,u) =
Elr(1{Ux < v(z)},u,Uy)]. It is implicitly assumed that the referenced derivatives exist. We
view the case in which U|Z = z (or U|Z = z*) is degenerate as a limiting case as 7 — 0 for
a sequence of absolutely continuous Ff, ,(u|z) that satisfy the regularity conditions in B.2 (see
e.g., Bracewell, 1986).

Assumption B.2 Let z,2* € Z, and denote by N(u) C U and N(z) C Z nonempty open
neighborhoods of u and z respectively.

(i.a) Elr(1{Ux < v(2)},UUy)|Z =2*] < oo and E(Y|Z = %) < oo for 2 = z, z*,

(1.b) U =U.,

(i.c) 7(z,-) is absolutely continuous on U,,

(i.d) for a.e. u and all ut € N(u), #(z,u') < oo and there is a function @y, (u.,u,) with
E[®,(Ux,Uy)] < 00 such that | Zr(1{u, < v(z)},ul,u,)| < @1 4(us,uy) for ae. (ug,uy),

(i.e) EW|Z = %) < o0 for 2 = z, 27,
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(i.f) 4(-) is absolutely continuous on U,,

(i.g) for a.e. w and all u' € N(u), g(u’) < oo and there is a function Y1, (uy,) with
E[Y.,(Uw)] < oo such that ‘8—q (u' uw)‘ <Y1 u(uy) for a.e. uy,

(ii.a) for all 27 € N(z ), = Ll and Fyz(-|2") is absolutely continuous on U,,

(ii.b) for all 27 € N(z ), Sy 7( u) foiz(u|z)du < oo and there is a function ®o(u) with
Ju. ®2(u)du < oo such that ‘8Z{r ZT, ) foiz(u|zN)} < ®a(u) for a.e. u,

(ii.c) Lv(z) # 0 and fu,(-) is continuous at v(z) with fy,(v(z)) >0,

(ii.d) for a.e. u, E[S(u,Uy)|Ux = -] is continuous at v(z),

(ii.e) for all 27 € N(2), there is a function ®3(u) with Ju. ®3(u)du < oo such that |2 foiz(ulzh)| <
O3(u) for a.e. u,

(ii.f) for all 2t € N(2), [, @) foiz(ul2")du < oo and there is a function To(u) with
Ju. To(w)du < oo such that ’q )2 fuiz(ulz!)| < Ta(u) for ae. u.

Proof of Theorem 6.1: (i.a) By B.2(i.a), adding and subtracting E(Y|Z = z) gives

Y(z, 2" |2") = E[r(1{Ux <v(z")},U,Uy) —r(1{Ux < v(2)},U,Uy)|Z = 2"]
= Ry (2, 2% 8) = {Elr(1{Ux < v(2)}, U, Uy)|Z = 2] = Elr(H{Ux < v(2)},U,Uy)|Z = ]},

where we label the second term B, (z, 2*|z*). Further, for Z = z, 2*,
E[r(1{Ux <v(2)},U,Uy)|Z = z*] = Ela(U, Uy )| Z = 2|+ E[1{Ux < v(2)}58(U,Uy) |Z = 27].
Priv(z) < Ux <wv(z*)] > 0 gives that v(z) < v(z*) and thus

(2, 27]27) = E[l{v(2) < Ux < v(z")}8(U, Uy) | Z = 2]
=E[BU,Uy) | v(z) <Ux <v(z"),Z =2"] x Prlv(z) < Ux <v(z") |Z = 2"].

Further, by Ux 1 Z, we have
RY ,(2,2°) = E[1{v(z) < Ux < v(z")}] = Pr[v(z) < Ux < v(z*)|Z = 2*].
Dividing (2, 2*|2*) by RY ,(z,2*) > 0 gives the Wald OVB

- 1
B0, 1|v(z) < Ux <wv(z"),2%) = Ryj"(l‘ClZ(z 2") = =B, (2, 27]2").
RY (2, 2%)
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To derive the expression for B, (z, 2*|z*), we apply conditions (9) and (10) for Z = z, z*:

Elr(1{Ux <v(2)},U, Uy)|Z = Z]

Ela(u,Uy) + H{Ux < v(2)}6(u, Uy)|U =, Z = Z]| fuz(u|Z)du

z

Ela(u,Uy)] + E{1{Ux < v(2)}E[B(u, Uy)|Ux,U = u, Z = Z||U = u, Z = z} fu|z(u|Z)du

z

Ela(u, Uy)] + E{E[1{Ux < v(2)}0(u, Uy)|Ux]} fviz(ulZ)du

z

— — S— S—

Ela(u,Uy) + L{Ux < v(2)}B(u, Uy)] fuz(u|Z)du = E[F(2,U)|Z = Z].

¥

By B.2.i(b, ¢) and absolutely continuity of Fyjz(-|Z), integration by parts then gives

B,(z,2|") = / Pz ) furz (ul=") = furz(ul2)ldu

z

0

= 7(z,u) [ Fyz(ulz*) — FU|Z(u|z)]|Z — /u %f(z,u)[FmZ(u]z*) — Fyiz(ul2)]du,

with u and @ the (possibly infinite) infimum and supremum over .. The first term vanishes
and the result obtains since B.2(i.d) gives 27(z,u) = 0y (u; 2) for a.e. u.

(.b) Similarly, condition (11), B.2.i(b, e, f, g), and integration by parts give

Ry 4(2,2") = / q(u)[fu1z(ulz") = fuz(ulz)du = —/ Sw (u) [Fuz(u]z*) — Fyiz(ulz)]du.

z Z/lz

The result then obtains from dividing by R¥ ,(z,2*) > 0.
(7i.a) From (i.a), recall that E(Y'|Z = z) = E[r(z,U)|Z = z]. Using B.2.ii(a, b) to interchange

the derivative and integral, we obtain

0

R, = 5 Blrta D12 =2 = 5L [ ) felulz)au

0 _ ~ 0
= | o fostulyiut [ 7 S fustuls) di= T4 7

where the product rule derivatives exist by B.2.ii(c, d, ¢). In particular, to examine 7} note that

v(z)
7(z,u) = E[r(1{Ux < v(z)},u,Uy)] = Ela(u, Uy)] +/ E[B(u, Uy)|Ux = t] fu, (t)dt.

B.2.ii(c, d), the Lebesgue differentiation theorem, and the chain rule give

0

T, = oy ) gvz) [ ELB( U Ux = o) urall=)dn = fng((2) () 5O, 1), 2),

where we make use of (9) and (10) in the last equality.
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To examine T3, B.2ii(a, e) and B.2(i.c) enable integration by parts which gives:

“ 0 0 - 0
- / —7(2,u) = Fyiz(u|z)du = — [ Oy (w; 2) 5= Fyz(u|2)du,
o Ju

~ 0
(2 w) g Fuiz(ul2) . Ou 0z . 0z

T:
2 0z

where we use B.2(i.d) in the last equality.
Dividing RY ,(2) by RY ,(z) gives the result since, by B.2(ii.c), we have

0 o [ 0

Ry z(2) = 5 E(X|Z = 2) = o~ fox (t)dt = fuy (W(2)) 5-v(2) # 0.

(2.b) Similarly, condition (11), B.2.i(f, g), B.2.ii(a, ¢, e, f), and integration by parts give

1 0 1 - 0
B = g [, 105 st = — s [ Swt) S Fustulgan

- RYL(2) RY,(2) z
Proof of Corollary 6.2: (i) Since dy (u; 2) = d(u, 2)dw (u) for a.e. u € U., we have:

Bv(z) < Ux <w(z),2") = / d(u, 2)ow (w)[Fuz(u]2*) — Fyz(ulz)]du.

z

_R%.Z(zv Z*)

Since Ow (u)[Fyz(u|z*) — Fyjz(ulz)] does not change sign for a.e. u € U, and

RVVK%Z@ Z") = Sw (w)[Fu)z(u|z*) — Fuz(ulz)]du,

R%.Z(za Z*) Uy

we have that dp(z) < d(u, z) < dg(z) gives
B(v(z) < Ux <wv(z),2") € {R&V/.CSI(TZ<Z,Z*)(1 :d € D(2)},

The bounds then follow from S(v(z) < Ux < v(z%),2*) = R&‘f%‘%(z,z*) — B(v(z) < Ux <
v(z*),z%).
B(D(z)) is sharp since for a given 2, z* € Z and each b(0, 1|v(z) < Vx < v(2*),2*) € B(D(2))

there exist random variables (V, Vx, V4, Viy) and functions v*, o, f*, r*, and ¢*, such that
Y =r'(X,V,Vy) =" (V,Vy) + 8°(V,V,) X, W =¢"(V,Viy), and X = 1{Vx <v*(2)},

that satisfy the conditions in Theorem 6.1 and Corollary 6.2. For this, let Vx = Ux, v* = v,
and .
d(2) = e [BY X (2(2,27) = b(0, 1|p(2) < Ux < v(2%),2")]
Riysdz(z,2) 7
(recall that if Ryy%{,(2,2*) = 0 then B(D(2)) is a singleton) so that d(z) € D(z). Further, let
dy; and dy(z) be any constants such that d(z) = dy;/dy(2) (e.g. dw = 1 and dy(2) = d(z)).
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Then it suffices to let r{(-) be given by
{ ri(0) } _ { L-p(z) () } [ B(Y = Wd(2)|7 = 2)
~ 1) p(27) E(Y —Wd(2)|Z = z7)
;{ () E(Y = Wd(2)|Z = 2) = p(2) B(Y = Wd(2)| Z = ") }
p(z*) = p(z) | =1 =p(z")EQY = Wd(2)|Z = 2) + (1 = p(2)) E(Y = Wd(2)|Z = z7)
_ { E(Y —Wd(2)|Z = z) = p(2) [RY {7 (2, 2%) = Ry&,(2, 2")d(2)] }
E(Y =Wd(2)|Z = 2) + (1 = p(2)) [Ry 7 (2, 2%) — RyyX(z(2,27)d(2)] |

where p(z) = E(X|Z = z) (the matrix inverse exists since RY ,(z,2*) > 0), and to define V,

Vi, Vi, r*, and ¢* as follows

Y = r{(X) + [E(W[2)dy Jdy (2) +{Y = r{(X) = E(W|Z)dy dy(2)}
=ri(X)+Vdy(z) +Vy =r(X,V, Vy), and
W = [E(W|2)dy ldw + [W — E(W|Z)] = Vdw + Viv = ¢"(V, Viv).

In particular, for Z = z, 2* and v € V; we have

E[W|V =v,Z =Z%] = E[Y —=Wd(z) — r{(X)|Z = Z]
= E[(1 = p(£))ri(0) + p()ri(1) — ri(X)|Z = Z]
= E[ri(0) + X(ri(1) — r{(0)) = ri(X)|Z2 = £ = 0,
and E(Viy|V =wv,Z = %) = 0. It follows that, for 2 = z, z* and all v € V;, we have
Ela*(v,WW)|V =v,Z = 2] = E[r*(0,v,Vy)|Z = Z] = r1(0) + vdy (2) = Ela* (v, Vy)],
E[B* (v, W)|Vx,V =v,Z = 2] = E[r*(1,v,Vy) — (0,0, W)|Vx, Z = Z]
=ri(1) = ri(0) = E[B" (v, Vy)|Vx], and
E[q*(vv VW)|V =, Z = Z] = UdW = E[q*(v7 VW)]:

and, thus, the analogues of equations (10) and (11) hold. Further, we have

E[rt(1,V, Vy) = (0, V, W) [r*(2) < Vx <v7(27),27)] = ri(1) = r7(0)
= RyX(z(2,2") — RiyX|z(z, 2)d(z) = b(0,1|u(2) < Ux < w(2"),2").
Last, E[Zq*(v, Vi)] = dw does not change sign and Fyz(v|2) is degenerate:
Fyiz(v|2) = Pr[E(W|Z = 2)dy} <v|Z =2 = H(v— E(W|Z = 2)dy}),

1 ifo<t
0 ift<O
nonnegative or nonpositive for all v. Here, we view Fy|z(v|Z) as a limiting case as 7 — 0 for

where H (t) { is the Heaviside step function, so that Fy |z (v|z) — Fyz(v|z*) is either
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a sequence F‘§| ,(v|%) that, along with the additively separable functions r* and ¢*, satisfy the
regularity conditions in B.2 to interchange the order of well defined derivative and integral (see
e.g., Bracewell, 1986).

(77) The bounds obtain using similar arguments to (i). The sharpness proof constructs
V, Vx, Wy, Vig, v*, r*, and ¢* analogously to (i). In particular, for a given z € Z and
each b(0,1|v(2),2) € B(D(2)), set dy/dy(z) = d(z) = RLT[R}L,I)‘{'Z( z) — b(0,1|v(2), 2)] and

x|z
z* = z + e. By letting e — 0 and redefining r}(0) and (1) as the limits, we obtain

b(0,1v*(2), 2) = r1(1) — r{(0)

= lim Ry’§7 (2, 27) — Ry (2, 2)d(2) = Ry'X|4(2) — Rivx 4(2)d(2).

Here, £ Fyz(v]z) = —RY, ,(2)dy}0(v — E(W|Z = 2)d;;}) where § is the Dirac delta function
with an impulse concentrated at E(W|Z = 2)d,;’.
Comment on the Sharpness in Corollary 6.2 under Global Mean Independence:

Consider strengthening the local conditions (10) and (11) in Corollary 6.2 to require the global

conditions:

Ela(u, Uy)|U, Z] = Ela(u, Uy)], (14)
E[B(u, Uy)|UX,U, Z] = E[ﬁ(u, Uy)‘Ux], and
Elq(u,Uw)|U, Z] = Elq(u, V)] for all uw € U.

Then, provided the regularity conditions in B.2 can be suitably adjusted so that v(- ) is dif-

ferentiable a.e. and E(X|Z = s) = [\ fy (t)dt and BE(Y — Wd(2)|Z = s) = [, [i(

q(w)d(2)] fujz(u|s)du are absolutely continuous on Z (see e.g. Talvila (2001) for sufﬁ(nent reg-

ularity conditions), the bounds B(D(z)) in Corollary 6.2 remain sharp. In particular, let Vi,

v, d;Vl, dy(z), V, Viy, and ¢* be defined as in the proof of Corollary 6.2. For the Y equation,

let Vi = (Y, Vx, Z) and define o and * such that
ZE(Y-Wd(2)|Z=t)

) . o (s DE(X|Z=1)#0
6 (‘/7 VY) - B(VX) where ﬂ(’/ (t)) - { BZE()[TZ_) if 8 (X’Z — t) 0

Y = HV)X + [BOVI2)dgl iy () + 1Y — H(Vi)X — B(W|Z)d(2))
= B (V. V)X + [Vdy () + ()] = B*(V, 1) X + a*(V, V)

, and

Note that E[af(Vy)|Z] = 0 since for all s € Z we have:

m&wwwzﬂaf B0} o (0 m-/ 3 0) o () 22 D

s LEY -Wd(2)|Z=1t) d
/—oo TEX|Z=1) 5, L X|Z =t)dt = EY — Wd(2)|Z = s).

[e. 9]
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It follows that a*(V, Vy), 8*(V, Vy), and ¢*(v, Vi) satisty the analogue of condition (14) since:

Ela* (v, W)|V, Z] = Elvdy (2) + a1 (V)| Z] = vdy (2) = E[a"(v, V)],
E[B*(v,Vy)|Vx,V, Z] = E[8*(v,Vy)|Vx] = B(Vx) = E[B*(v,Vy)|Vx], and
Elq* (v, V)|V, Z] = E[vdw + Viy |Z] = vdw = E[q¢" (v, Viv)].

Further, we have that

f (Z (8) fr (£)dt Wald

BB (V.W)[v'(2) < Vx <v'(2"),Z = 2] = Pr[(2) < VX < (2] RYX|Z( 2")— RVWVCSI(TZ(Z z")d(2)

and
LEY —Wd(2)|Z = z)
LEX|Z = =)

E[*(V.Vy)|Vx = v'(2), Z = 2] = B("(2)) =

= RxL/%Z(Z) Rtevlyqz( )d(2).

We leave a detailed study of the sharpness of B(D(z)) under stronger (mean) independence

conditions to other work.

Proof of Theorem 7.1 Let Q = diag(% Yoy H,G, L > ﬁlég) and M = % ?:1(1:{1{61/.@]{’1',

’L’n

Hlewemi). By (i) and since E(HG'), and thus @, is finite and nonsingular, Q" exists in
probability for all n sufficiently large. The result then obtains from

Vn(( Ag/.G|H7 A{/V.G|H)/ ~ Ry Bwen)) = Q 'WnM = (Q7t — Q)M + Q~'/nM,

since (i) gives Q' — Q' = 0,(1) and (i) gives /RM-3N(0,Z), with Z finite and positive
definite.

Proof of Theorem A.1 (i) By (i.b) we have
Cov(Z,Y|S = s) = Cov(Z,X|S = 5)3(s) + Cov(Z,U|S = s)dy(s),

and thus, by (i.a),
Ry.x17(s) = B(s) + Ru.x|z(s)dy (s).
(73) By (i1.b) we have

Cov(Z,W|S = s) = Cov(Z,U|S = s5)ow(s),

and thus, by (i.a) and (ii.a),
Rw.x12(5)d(s) = Ru.xjz(s)oy (s).

Proof of Theorem A.2 (i) By (i.b), we have

Cov(Z,Y) = Cov(Z,X)3 + Cov(Z,U)dy.
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By (i.c) and (i.a), we have

_ 3 -1 S _ 7 -1 0 N
Ry xiz =+ Cov(Z,X) " Cov(Z,U)éy = 8+ Cov(Z, X) { Cov(Zs, U) ] Jdy .
(77) By (ii.b), we have
Cov(Zy, X1) = Cov(Zs, (0%, U + nx,)] = Cov(Zs,U)dx,.

By (7i.a), it follows that

_ -1 0 -1
B =Cou(Z,X) [ Cov(Zo, Xi) } 0%, 0y

Proof of Theorem A.3 (i) By (i.b), we have
Cov(Z,Y) = Cov(Z,X)B + Cov(Z,U)dy

and (i.a) gives
Ry x|z = B+ RU.X\Zgy-
(17) By (ii.b), we have

COU(ZQ,Xl) = COU(ZQ, (SleU + 77X1)) = COU(ZQ, lj)gx17
and Z; = X, (i1.b), and (7i.c) give

Cov(Zy, Xs) = 53(16'0U(U, Xy) = 53(10011((], (53(2[] +1x,)) = SS(IVCLT(U)SXQ, and
Cov(Z1,U) = Cov((0%,U +nx,),U) = &% Var(U).

By (i.a) and (ii.a), we have

B = Cov(Z,X)™! [ Cov(Zy, Xa)0xbv } .

CO’U(ZQ, Xl)g)_(lgy

Proof of Corollary A.4 (i) The result follows from the expression for 3 in Theorem A.3. (i)
The result obtains from substituting for U’ = (X{ — ny,)dx! in the Y equation. (iii) Recall
that Cov(Z, X)™! is given by (e.g. Baltagi, 1999, p. 185):

_1 _ 3
COU(Z, X)_l = COU(Zl’Xl)’ COU(Zl7X2,3) :| — |: Pl 17 _RX2,3.X1|Z1P2 !

| Cov(Zy, Xy), Cov(Zs, Xa3) —Rxl.xg,slzzpfly szl ’

where

Pl = COU(Zth) — COU(Zl,X273>COU(ZQ7ngg)_100U(ZQ7X1) = COU(GZLZ2|X2’37X1>
PQ = CO’U(ZQ,XQ:,) - COU(ZQ,Xl)COU(Zl,Xl)_lcOU(Zngjg) = COU(EZQ.Z1|X17X2,3>-
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The result then follows from

B— Pl_lCov(Zl,Xlg)52 — RX2,3-X71\21P2_116(0U(ZQ? Xl)gl .
_RX1~X2,3\22P17 CO’U(Zl,XQ)52 -+ P{ CO’U(ZQ, X1)51

Proof of Theorem A.5 (i.a) By conditions B.1(i.a), (6a), and the proof of Theorem 5.1, we
have that:
7(z,U) = E[i(z,Uy)] + U'dy

and
B(z,r*) = E[f(z,U)|X = 2*] — E[f(2,U)|X = 2] = R} x(z,2")dy.

(4.b) Similarly, by conditions B.1(i.e) and (7), q(U) = a}, + U’y and
Ry x(z,2") = E[q(U)|X = 2"] = E[g(U)|X = 2] = Ry x(z,2")dw,

and thus, by (i.b.1),

(ii.a) By (ii.a.2), ZE[i(z,Uy)] = E[ZF(z,Uy)] (see e.g. Corbae, Stinchcombe, and Zeman
(2009, Theorem 7.5.17) or Bartle (1966, corollary 5.9)). Then (i.a) and (ii.a.1) yield

R x(r) = - B (e, U)X = 2] = B(x) + B (2)By.

(72.b) By (i.b) and (éi.a.1), we have

Ry x ()0 = Ry x()dy-

Proof of Theorem A.6: (i.a) By conditions B.2(i.a), (9,10), and the proof of Theorem 6.1,

we have that
7(z,U) = E[#(0,Uy)] + U'dy + E[1{Ux < v(2)}[#(1,Uy) — #(0,Uy)]].
and, since RY ,(z,2*) = Pr[v(z) < Ux < v(z*)] > 0,

= R(V][_/g(lsz(z, 2")dy.

B(v(z) < Ux <w(2")) = igzz’é*\j:)) _ Elr(z,U)|z ;;*]Zéiv;(a U)|Z = 2]

(4.b) Similarly, by conditions B.2(i.e) and (11), we have q(U) = &}y, + U'Sy and

Rio(22) _ ElQU)|Z = =] - Elg)]2 = ) '
RWald 2, 2*) — W.Z\~> _ — RWald 2, 2\ 7
VV.X|Z< ) R%.Z(Z, Z*) R%Z(Z, Z*) U.X|Z( ) w

and thus, by (:.b.1),

RyXiz(2,2")0 = Ry K[y (2,2")dy.
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(4i.a) To characterize B(v(z)), note that by (ii.a.1)

RY () = SB[ (=,U)|Z = 2] = - B{{Ux < v()}F(L,Uy) — (0, U] + BY 7(2)5

The result obtains, after division by RY ,(z) > 0, since (4i.a.2) and arguments similar to the

proof of Theorem 6.1(ii.a) give

& BI{Ux < WYL DY)~ FO,U0)]) = Br(2) x BY4(:).

(4i.b) The result obtains, after division by RY ,(z) # 0, since (i.b) and (4i.a.1) give

Riy.2(2)0 = Ry 5(2)dy.

Proof of Theorem A.7: (i.a) From the proof of Theorem 5.1, condition (6a) gives
B(z,z*|z*,s) = E[r(z,U)|X = z*| — E[r(z,U)|X = z|.

The expression for B(z, x*|z*, s) follows since for & = z, z*:

L
El[r(z,U)|X = 7] :Z (2, up) fux (un|Z)
h=0
L
= 7(z,uo)[1 — ZfU|X(uh‘x +Z , up) fox (un| %)
h=1

= 7(z,up) +ZfU|X un|E)[F(, un) — 7z, u)]

h=1
L h

= 7(z, up) ‘*‘mex up|%) Z T, ug) — T(z, ug—1)]
h=1 g:l
L

= 7(x, up) —|—Z[f(x ug) — 7(x, ug—1 ZfU‘X up|%)
g=1 h=g

(i.b) A similar derivation gives the expression for R{/\{,‘X(x, x*|x*).

(7i.a) From the proof of Theorem 5.1, condition (6a) gives

0 . _
%E[T(m, U)X = xl.

Since Z7(z, uy) (by B.1(il.c)) and 2 fux (uy|z) exist and are finite for all u, € {ug, u1, ..., u},

0
RY () = 5 Blr(a, U, Uy)|X = a] =

L L
R () = SO, ) o Cgle) + 0 7 ) [ fupx g )] = Blale) + Blala),
g=0

9=0
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where the last equality makes use of conditions B.1(ii.c) and (6b). Further,

T(ﬂ%uh)%fUX(uh\x)

Mh

B(z|x) =

>
Il
=)

8 L
= 7(x,up) 5~ 1 —mex up|)] +Z (2, up) fU\X(Uh|37)
h=1

Q>

foix (un|z) [7(z, up) — 7(2, u0)]

S

h
foix (un|z) Z (2, ug) = 7(2, ug-1)]
g=1

I
M 1M 11
oS

L
0
P2, ug) — 7(2, ug—1 hza—me up| )

1

Q
Il

b )
—> Oy (ug-1, ug; ) 5 Foix (ug-1]z).
9=1 o

(73.b) A similar derivation gives the expression for R{/VW ~(z|).
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