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1 Introduction

Researchers frequently confront the challenge that data on variables of interest U are not

perfectly available. Instead, one may have access to an error-laden proxy W for the latent

variables U . For example, when estimating the effects of the quality of a product (e.g. an

asset or a movie) on its demand, one may only have access to the product’s rating (e.g. asset

rating or movie review). It is well known that simply substituting an error-laden proxy W

for U results in biased estimates of the effects of U on the outcome Y . Instead, one should

appropriately account for the noise in the data. In particular, if the outcome equation for

Y is linear and the measurement error is classical, then one can bound the effect of U on Y

(see e.g. Gini, 1921; Frisch, 1934; Klepper and Leamer, 1984; Bollinger, 2003; Chalak and

Kim, 2020). Moreover, if the measurement error, latent variable, and equation disturbance

are jointly independent, as opposed to merely uncorrelated as in the classical case, then one

can use the moments of order higher than two to point identify the equation coeffi cients

without resort to extraneous information (see e.g. Reiersøl, 1950; Dagenais and Dagenais,

1997; Erickson and Whited, 2002; Erickson, Jiang, and Whited, 2014).

These standard partial and point identification results hold under the assumption that

the proxy is excluded from the outcome equation. However, a researcher may wish to relax

this exclusion restriction (see e.g. the discussion in Chalak and Kim, 2021). For instance, a

product’s rating (e.g. asset rating or movie review) that serves as a proxy for the product’s

quality in the researcher’s analysis, may directly influence the product’s demand. Similarly,

the result of a medical test may influence a patient’s behavior (e.g. a worker may work less

hours if she is incorrectly prescribed rest). In this case, the measurement error is “differen-

tial,”since the distribution of Y |(U,W ) differs from that of Y |U , and the standard results
are not directly applicable. Indeed, Chalak and Kim (2021) demonstrate that, relaxing the

proxy exclusion restriction invalidates the classical bounds, and the equation coeffi cients are

no longer identified (i.e. the identification regions span the real line).

This paper puts forward constructive identification results in the relatively less explored,

yet more general, setting of differential measurement error (see e.g. the discussion in Bound,

Brown, and Mathiowetz, 2001). In particular, the paper relaxes the ubiquitous proxy ex-

clusion restriction to allow for nonzero coeffi cients on the proxy variables in the outcome
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equation. In this leading setting for differential measurement “W is not merely a mismea-

sured version of [U ], but is a separate variable acting as a type of proxy for [U ]” (Carroll,

Ruppert, Stefanski, and Crainiceanu, 2006, p. 36). The paper then demonstrates that higher

order moments can be used to point-identify the effects of latent variables U , as well as of

their proxies W , on the outcome Y . In the course of our analysis, we also relax some of

assumptions that are sometimes maintained in the literature on nondifferential measurement

error. Specifically, we relax the assumption that the measurement errors are jointly indepen-

dent (see e.g. Erickson and Whited (2002) and Erickson, Jiang, and Whited (2014)) to allow

for arbitrary dependence. Nor do we impose distributional assumptions, such as requiring

that the disturbance and measurement errors are normally distributed (see e.g. Dagenais

and Dagenais, 1997).

The rest of the paper is organized as follows. Section 2 introduces the assumptions.

Section 3 studies the identification of the equation coeffi cients and other quantities and

comments on special cases of interest. Section 4 studies estimation and inference. Section 5

presents simulation results. Section 6 concludes.

2 Data Generation and Assumptions

We consider the following data generating assumptions.

Assumption A1 Linearity: (i) Let the random vector (W
J×1

′, Y
1×1

)′, with J ≥ 1, have suffi -

ciently many finite moments. (ii) Let the random variables η
1×1
, U
J×1
, ε
J×1
, W , and Y satisfy

Y = W ′φ+ U ′δ + η and W = U + ε (1)

with constant slope coeffi cients. Set E(η) = 0, E(U) = 0, and E(ε) = 0. The researcher

observes realizations of (W ′, Y )′ but not of (U ′, η, ε′).

A1 specifies the outcome equation and decomposes the proxy W into the latent vari-

ables (signal) U and the measurement error (noise) ε. For simplicity, all the variables are

demeaned. A1 allows the coeffi cient φ on W to be nonzero. As such the distributions of

Y |(U,W ) and Y |U generally differ, and the measurement error is “differential.”We note

that A1 assumes that all the explanatory variables U in the Y equation are potentially mis-

measured. In section 3.3.3, we comment on the special case in which the researcher wishes

to assume that a subset X of the explanatory variables is perfectly measured.
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Assumption A2 Joint Independence: U⊥(η, ε′) and η⊥ε.

A2 assumes that U , η, and ε are jointly independent. Note that A2 does not require

the components of ε to be uncorrelated or independent. Nor does it restrict the dependence

among the residuals, so V ar(η) need not be diagonal.

3 Identification

3.1 A Scalar Latent Variable

It is instructive to begin by examining the case in which J = 1, with U and W scalars.

Together, A1 and A2 allow expressing the moments involving (W,Y ) as a function of a

vector θ∗ of unknown parameters. For example, using the moments of order at most 4, we

can generate a system involving the following 9 moment equations:

µW,Y = (φ+ δ)µ2
U + φµ2

ε (2)

µ2
W = µ2

U + µ2
ε

µ2
Y = (φ+ δ)2µ2

U + φ2µ2
ε + µ2

η

µ2,1
W,Y = (φ+ δ)µ3

U + φµ3
ε

µ1,2
W,Y = (φ+ δ)2µ3

U + φ2µ3
ε

µ3
W = µ3

U + µ3
ε

µ3,1
W,Y = (φ+ δ)µ4

U + φµ4
ε + 3(φ+ δ)µ2

Uµ
2
ε + 3φµ2

Uµ
2
ε

µ2,2
W,Y = (φ+ δ)2µ4

U + φ2µ2
Uµ

2
ε + µ2

Uµ
2
η + 4(φ+ δ)φµ2

Uµ
2
ε + (φ+ δ)2µ2

Uµ
2
ε + φ2µ4

ε + µ2
εµ

2
η, and

µ1,3
W,Y = (φ+ δ)3µ4

U + 3(φ+ δ)µ2
Uµ

2
η + 3(φ+ δ)φ2µ2

Uµ
2
ε + φ3µ4

ε + 3(φ+ δ)2φµ2
Uµ

2
ε + 3φµ2

εµ
2
η,

and the following 9 unknowns1 appearing on the left hand side:

θ∗ ≡ (φ, δ, µ2
U , µ

2
ε, µ

2
η, µ

3
U , µ

3
ε, µ

4
U , µ

4
ε).

Note that the moment µ3
Y = (φ + δ)3µ3

U + φ3µ3
ε + µ3

η involves the unknown µ
3
η which does

not appear in the above equations. If µ3
η is of direct interest, adding µ

3
Y results in a larger

system of 10 equations and 10 unknowns. A similar comment applies to µ4
Y .

1Recall that by A1, ε and η each have zero mean.
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As is well known when φ = 0 and the measurement error is nondifferential, here too,

there are instances in which the above system of equations has infinitely many roots. In this

case, θ∗ is not point-identified. For example, suppose that the distribution of U is symmetric,

µ3
U = 0, and that either ε has a symmetric distribution, µ3

ε = 0, or φ = 0 (or both). Then the

moments of order three (µ2,1
W,Y , µ

1,2
W,Y , and µ

3
W ) are uninformative about the other components

of θ∗, and the system is underdetermined.

Beyond these cases, the next theorem gives general conditions under which the above

system admits only two roots despite suffering from differential measurement error. Further,

simply imposing a sign restriction on δ point identifies the system parameters θ∗. To derive

this result, theorem 3.1 makes use of the moment equations (2) to express all the components

of θ∗ as a function M(·) of φ (as well as of estimable moments of (Y,W ) which this notation

leaves implicit). This reduces the problem of solving the system of equations (2) in θ∗ to the

problem of solving a nonlinear equation in φ. Theorem 3.1 shows that this equation admits

two roots f1 and f2. Further, it shows that these two roots imply two values d1 = Mδ(f1)

and d2 = Mδ(f2) for δ that are of equal magnitude but of opposite signs. It follows, that

restricting the sign of δ identifies the unique root f ∗ for φ and therefore point identifies θ∗
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via the mapping M(f ∗). The components of M(·) can be expressed recursively by:

φ = Mφ(φ) ≡ φ,

µ3
ε = M3

ε (φ) ≡
µ3
Wµ

1,2
W,Y − (µ2,1

W,Y )2

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

,

δ = Mδ(φ) ≡Mφ+δ(φ)− φ ≡
µ1,2
W,Y − φ2M3

ε (φ)

µ2,1
W,Y − φM3

ε (φ)
− φ,

µ3
U = M3

U(φ) ≡
µ2,1
W,Y − φM3

ε (φ)

Mφ+δ(φ)
,

µ2
ε = M2

ε (φ) ≡
µW,Y −Mφ+δ(φ)µ2

W

−Mδ(φ)
,

µ2
U = M2

U(φ) ≡ µ2
W −M2

ε (φ),

µ2
η = M2

η (φ) ≡ µ2
Y −Mφ+δ(φ)2M2

U(φ)− φ2M2
ε (φ),

µ4
ε = M4

ε (φ)

≡
µ2,2
W,Y −Mφ+δ(φ)µ3,1

W,Y +Mδ(φ)(φ+ 2Mφ+δ(φ))M2
U(φ)M2

ε (φ)−M2
U(φ)M2

η (φ)−M2
ε (φ)M2

η (φ)

−φMδ(φ)
,

µ4
U =

µ3,1
W,Y − φM4

ε (φ)− 3(Mφ+δ(φ) + φ)M2
U(φ)M2

ε (φ)

Mφ+δ(φ)
.

Theorem 3.1 Assume A1 and A2 and let φ, δ, and µ3
U be nonzero. Define

A ≡ µ2,1
W,Y (3µW,Y µ

2
W − µ

3,1
W,Y ) + µ3

W (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ),

B ≡ µ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y ) + µ1,2

W,Y (µ3,1
W,Y − 3µ2

WµW,Y ), and

C ≡ µ2,1
W,Y (µ1,3

W,Y − 3µW,Y µ
2
Y )− µ1,2

W,Y (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ),

and let ∆ = B2 − 4AC.

(a) The system of equations (2) admits two roots for θ∗ given by M(f1) and M(f2) where

f1 =
−B −

√
∆

2A.
and f2 =

−B +
√

∆

2A.
.

(b) Moreover, we have that the components of M corresponding to δ, U , and ε are such

that Mδ(f1) = −Mδ(f2), M2
U(f1) = M2

ε (f2), and M2
U(f2) = M2

ε (f1). Therefore, knowing

either the sign of δ or/and that µ2
ε ≤ µ2

U would recover the correct root f
∗ ∈ {f1, f2}. Then

M(f ∗) point identifies θ∗.
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3.2 A Vector of Latent Variables

We generalize Section 2.1’s analysis to accommodate a vector of latent variables, with J ≥ 1.

As in the scalar case, we express the higher order moments involving (W,Y ) as a function of

φ, δ, and of the higher order moments involving (U, ε, η). To shorten the notation, for non-

negative integers r1, ..., rd, and distinct random variables A1, ..., Ad, we denote the central

moment of order
d∑

h=1

rh by:

µr1,...,rdA1,...,Ad
≡ E[(A1 − E(A1))r1 ...(Ad − E(Ad))

rd ].

By A1, A2, and the multinomial theorem, these moments take the following form, for r =
J∑
j=1

rj and 2 ≤ r + q:

µr1,...,rJ ,qW1,...,WJ ,Y
= E[(U1 + ε1)r1 ...(UJ + εJ)rJ (U ′(φ+ δ) + ε′φ+ η)q] (3)

=

r1∑
d1=0

....

rJ∑
dJ=0

∑
c1+...+c2J+1=q

r1!

d1!(r1 − d1)!
...

rJ !

dJ !(rJ − dJ)!

q!

c1!...c2J+1!

J∏
s=1

(φs + δs)
cs µc1+r1−d1,...,cJ+rJ−dJ

U1,...,UJ

2J∏
t=J+1

φctt−J µcJ+1+d1,...,c2J+dJ
ε1,...,εJ

µc2J+1η .

The last sum is over all (c1, ..., c2J+1) combinations that sum to q. Setting q = 0 yields the

moment µr1,...,rJW1,...,WJ
whereas setting r = 0 yields the moment µqY .

By sequentially stacking the moments in increasing order, it is possible to generate a

system with at least as many equations than unknowns. Specifically, recall that there are
(R+r−1)!
r!(R−1)!

ways to select a combination of r items from R possibilities with repetition. Thus,

ignoring the (zero) means where l ≡
J∑
j=1

lj = 1, there are
∑r

l=2
(J+l)!
l!J !

moments of the form

µl1,...,lJ ,qW1,...,WJ ,Y
of order at most r. These moments involve the unknowns φ and δ, 2

∑r
l=2

(J+l−1)!
l!(J−1)!

unknowns of the form µl1,...lJU1,...,UJ
or µl1,...,lJε1,...,εJ

, and r − 1 unknowns of the form µlη. In total,

there are
∑r

l=2
(J+l)!
l!J !

moment equations involving 2J + 2
∑r

l=2
(J+l−1)!
l!(J−1)!

+ r − 1 unknowns,

which we collect in the vector θ∗. For a fixed J , the ratio of equations to unknowns diverges

as r increases. For example, for J = 2, setting r = 4 yields a system of 31 moment

equations involving 31 unknowns, whereas setting r = 5 yields a system of 52 equations

and 44 unknowns. Similarly, setting J = 3 and r = 5 yields a system of 121 moment

equation and 114 unknowns. As in the scalar case, certain moments (such as µ3
Y or µ

4
Y ) may

involve ancillary unknowns that do not appear elsewhere. If so, removing these moments
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reduces the dimension of the equations and unknowns. If the moment equations carry

redundant information (as in the joint normality example discussed above), the system may

have multiple, or infinitely many, solutions. Otherwise, θ∗ may be unique solution to this

system.

3.3 Key Special Cases and Discussion

We briefly comment on two special cases of interest that reduce the dimension of the un-

knowns θ̃
∗
, and on the role of the perfectly measured covariates.

3.3.1 Multiple Proxies for a Latent Variable

Multiple proxies may be available for one or more latent variables. For example, suppose

that the first m components of W are proxies for the same latent variable V1. Then , for

j = 1, ...,m, one can set Uj = V1 and restrict the corresponding coeffi cients in the Y equation

to δj = 1
m
γ1. This reduces the dimension of the unknowns in δ to J −m + 1 and reduces

the number of unknowns of the form µl1,...lHUj1 ,...,UjH
to
∑r

l=2
(J−m+l)!
l!(J−m)!

.

3.3.2 Independent Measurement Errors

Our analysis allows the components of the measurement error vector ε to be correlated or

dependent. The literature often assumes that the components of ε are jointly independent.

Requiring V ar(ε) to be diagonal implies that µl1,...,lHεj1 ,...,εjH
= µl1εj1 ... µ

lH
εjH
. Ignoring the means,

this reduces the number of unknowns of order at most r that are of this form to J × (r− 1).

3.3.3 Perfectly Measured Covariates

If available, perfectly measured covariates X can be used to construct instruments (see e.g.

Lewbel, 1997). As a simple example, let X enter the Y equation

Y = X ′β +W ′(φ+ δ)− ε′δ + η,

where we substitute for U = W − ε. If the covariates X are independent of (ε, η) then

nonlinear functions of X may be used as instruments for (X,W ) in the above equation to

identify β and φ + δ. Note that this does not directly identify φ and δ separately. But one

can consider supplementing the moments in Sections 3.1 and 3.2 with moments that involve
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X. The analysis in Sections 3.1 and 3.2 does not require perfectly measured covariates - it

is valid even when X = 1 and all the variables are measured with error.

4 Estimation and Inference

Let Z = (W,Y ) and recall that θ∗ denotes the p × 1 vector of unknowns, as in Section 3.1.

Let the p × 1 vector m(Z) stack the moments of the form µr1,...,rH ,q
Wj1

,...,WjH
,Ỹ
that are generated

by equation (3), and let c(θ∗) stack the corresponding left hand side functions of θ∗. This

defines θ∗ as a solution to the moment equations

E(g(Z, θ∗)
p×1

) = E(m(Z)
p×1

− c(θ∗)) = 0. (4)

Given a square p positive definite weighting matrix Ξ∗, we have

θ∗ = arg min
θ∈Θ

E[g(Z, θ)]′Ξ∗E[g(Z, θ)).

We can then estimate θ∗ using an asymptotically normal and consistent generalized method

of moments (GMM) estimator θ̂. The properties of GMM estimators are well-established -

we omit a detailed discussion for brevity.

If covariates X are present then one must account for conditioning on these. In this case,

the projections of Y and W on X would depend on unknown regression coeffi cients which

satisfy certain regression moment equations. One can augment the above moments with

these regression moment equations and define θ∗ together with the regression coeffi cients as

the solution to the stacked system of moments equations.

5 Simulation

6 Conclusion
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7 Mathematical Proofs

Proof of Theorem 3.1: We use the system of equations (2) to express all the unknowns as

a function of φ. We then solve for φ. First, using equations 4, 5, and 6 in (2), we have that

µ2,1
W,Y − φµ3

ε = (φ+ δ)µ3
U

µ1,2
W,Y − φ2µ3

ε = (φ+ δ)2µ3
U .
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Given that (φ+ δ) and µ3
U are nonzero, we obtain

(φ+ δ) =
µ1,2
W,Y − φ2µ3

ε

µ2,1
W,Y − φµ3

ε

µ3
U =

µ2,1
W,Y − φµ3

ε

(φ+ δ)

µ3
ε = µ3

W −
µ2,1
W,Y − φµ3

ε

(φ+ δ)
.

Combining the equations for (φ+ δ) and µ3
ε then gives

µ3
W − µ3

ε = (µ2,1
W,Y − φµ3

ε)
µ2,1
W,Y − φµ3

ε

µ1,2
W,Y − φ2µ3

ε

.

Rearranging this expression gives

(µ3
W − µ3

ε)(µ
1,2
W,Y − φ2µ3

ε)− (µ2,1
W,Y − φµ3

ε)
2

= µ3
Wµ

1,2
W,Y − φ2µ3

Wµ
3
ε − µ3

εµ
1,2
W,Y + φ2(µ3

ε)
2 − (µ2,1

W,Y )2 + 2φµ3
εµ

2,1
W,Y − φ2(µ3

ε)
2

= µ3
Wµ

1,2
W,Y − φ2µ3

Wµ
3
ε − µ3

εµ
1,2
W,Y − (µ2,1

W,Y )2 + 2φµ3
εµ

2,1
W,Y = 0.

We can then express µ3
ε, (φ+ δ), and µ3

U as functions of φ:

µ3
ε = M3

ε (φ) ≡
µ3
Wµ

1,2
W,Y − (µ2,1

W,Y )2

φ2µ3
W + µ1,2

W,Y − 2φµ2,1
W,Y

=
µ3
Wµ

1,2
W,Y − (µ2,1

W,Y )2

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

≡ S

L(φ)
,

(φ+ δ) = Mφ+δ(φ) ≡
µ1,2
W,Y − φ2M3

ε (φ)

µ2,1
W,Y − φM3

ε (φ)
, and

µ3
U = M3

U(φ) ≡
µ2,1
W,Y − φM3

ε (φ)

Mφ+δ(φ)
,

where we require that L(φ) 6= 0 Further, using equations 1, 2, and 3 in (2), we have

µW,Y = (φ+ δ)(µ2
W − µ2

ε) + φµ2
ε = Mφ+δ(φ)µ2

W + (φ−Mφ+δ(φ))µ2
ε

and thus, we can express the variables in these equations as a function of φ. Given δ 6= 0,

we have

µ2
ε = M2

ε (φ) ≡
µW,Y −Mφ+δ(φ)µ2

W

φ−Mφ+δ(φ)
,

µ2
U = M2

U(φ) ≡ µ2
W −M2

ε (φ), and

µ2
η = M2

η (φ) ≡ µ2
Y −Mφ+δ(φ)2M2

U(φ)− φ2M2
ε (φ).
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Last, equations 7, 8, and 9 in in (2) can be rewritten as

µ3,1
W,Y = (φ+ δ)µ4

U + φµ4
ε + 3[(φ+ δ) + φ]µ2

Uµ
2
ε

µ2,2
W,Y = (φ+ δ)2µ4

U + φ2µ4
ε + [φ2 + 4(φ+ δ)φ+ (φ+ δ)2]µ2

Uµ
2
ε + µ2

Uµ
2
η + µ2

εµ
2
η, and

µ1,3
W,Y = (φ+ δ)3µ4

U + φ3µ4
ε + 3(φ+ δ)µ2

Uµ
2
η + 3φ(φ+ δ)(φ+ (φ+ δ))µ2

Uµ
2
ε + 3φµ2

εµ
2
η.

Then

µ4
U =

µ3,1
W,Y − φµ4

ε − 3[(φ+ δ) + φ]µ2
Uµ

2
ε

(φ+ δ)

µ2,2
W,Y = (φ+ δ)µ3,1

W,Y − φ(φ+ δ)µ4
ε − 3(φ+ δ)[(φ+ δ) + φ]µ2

Uµ
2
ε + φ2µ4

ε

+[φ2 + 4(φ+ δ)φ+ (φ+ δ)2]µ2
Uµ

2
ε + µ2

Uµ
2
η + µ2

εµ
2
η, and

µ1,3
W,Y = (φ+ δ)2µ3,1

W,Y − φ(φ+ δ)2µ4
ε − 3(φ+ δ)2[(φ+ δ) + φ]µ2

Uµ
2
ε + φ3µ4

ε

+3(φ+ δ)µ2
Uµ

2
η + 3φ(φ+ δ)(φ+ (φ+ δ))µ2

Uµ
2
ε + 3φµ2

εµ
2
η,

so that

µ2,2
W,Y = (φ+ δ)µ3,1

W,Y + φ(φ− (φ+ δ))µ4
ε + (φ− (φ+ δ))(φ+ 2(φ+ δ))µ2

Uµ
2
ε + µ2

Uµ
2
η + µ2

εµ
2
η, and

µ1,3
W,Y = (φ+ δ)2µ3,1

W,Y + φ(φ− (φ+ δ))(φ+ (φ+ δ))µ4
ε

+3(φ+ δ)(φ+ (φ+ δ))(φ− (φ+ δ))µ2
Uµ

2
ε + 3(φ+ δ)µ2

Uµ
2
η + 3φµ2

εµ
2
η.

where we make use of

φ2 + 4(φ+ δ)φ+ (φ+ δ)2 − 3(φ+ δ)[(φ+ δ) + φ]

= φ2 + (φ+ δ)φ− 2(φ+ δ)2 = φ2 − (φ+ δ)2 + (φ+ δ)φ− (φ+ δ)2

= (φ− (φ+ δ))(φ+ (φ+ δ)) + (φ+ δ)(φ− (φ+ δ))

= (φ− (φ+ δ))(φ+ 2(φ+ δ)),

and

φ3 − φ(φ+ δ)2 = φ(φ2 − (φ+ δ)2) = φ(φ− (φ+ δ))(φ+ (φ+ δ))

and

−3(φ+ δ)2[(φ+ δ) + φ] + 3φ(φ+ δ)(φ+ (φ+ δ))

= ((φ+ δ) + φ)[−3(φ+ δ)2 + 3φ(φ+ δ)]

= 3((φ+ δ) + φ)(φ+ δ)(φ− (φ+ δ)).

12



Given φ and δ are nonzero, It follows that

µ4
ε = M4

ε (φ) ≡ 1

φ(φ−Mφ+δ(φ))
× [µ2,2

W,Y −Mφ+δ(φ)µ3,1
W,Y

−(φ−Mφ+δ(φ))(φ+ 2Mφ+δ(φ))M2
U(φ)M2

ε (φ)−M2
U(φ)M2

η (φ)−M2
ε (φ)M2

η (φ)]

and substituting for µ4
ε in the µ

1,3
W,Y equation gives

µ1,3
W,Y = (φ+ δ)2µ3,1

W,Y +

(φ+ (φ+ δ))[µ2,2
W,Y − (φ+ δ)µ3,1

W,Y − (φ− (φ+ δ))(φ+ 2(φ+ δ))µ2
Uµ

2
ε − µ2

Uµ
2
η − µ2

εµ
2
η]

+3(φ+ δ)(φ+ (φ+ δ))(φ− (φ+ δ))µ2
Uµ

2
ε + 3(φ+ δ)µ2

Uµ
2
η + 3φµ2

εµ
2
η

= (φ+ δ)2µ3,1
W,Y + (φ+ (φ+ δ))µ2,2

W,Y − (φ+ (φ+ δ))(φ+ δ)µ3,1
W,Y

−(φ+ (φ+ δ))(φ− (φ+ δ))(φ+ 2(φ+ δ))µ2
Uµ

2
ε − (φ+ (φ+ δ))µ2

Uµ
2
η − (φ+ (φ+ δ))µ2

εµ
2
η

+3(φ+ δ)(φ+ (φ+ δ))(φ− (φ+ δ))µ2
Uµ

2
ε + 3(φ+ δ)µ2

Uµ
2
η + 3φµ2

εµ
2
η

= −φ(φ+ δ)µ3,1
W,Y + (φ+ (φ+ δ))µ2,2

W,Y − (φ+ (φ+ δ))(φ− (φ+ δ))2µ2
Uµ

2
ε

+(2(φ+ δ)− φ)µ2
Uµ

2
η + (2φ− (φ+ δ))µ2

εµ
2
η,

where we make use of

+3(φ+ δ)(φ+ (φ+ δ))(φ− (φ+ δ))− (φ+ (φ+ δ))(φ− (φ+ δ))(φ+ 2(φ+ δ))

= (φ+ (φ+ δ))(φ− (φ+ δ))(3(φ+ δ)− φ− 2(φ+ δ)) = −(φ+ (φ+ δ))(φ− (φ+ δ))2.

We therefore obtain a nonlinear equation in φ:

µ1,3
W,Y = −φMφ+δ(φ)µ3,1

W,Y + (φ+Mφ+δ(φ))µ2,2
W,Y − (φ+Mφ+δ(φ))(φ−Mφ+δ(φ))2M2

U(φ)M2
ε (φ)(5)

+(2Mφ+δ(φ)− φ)M2
U(φ)M2

η (φ) + (2φ−Mφ+δ(φ))M2
ε (φ)M2

η (φ).
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We have that, assuming φµ2,1
W,Y 6= µ1,2

W,Y and φµ
3
W 6= µ2,1

W,Y :

Mφ+δ(φ) =
µ1,2
W,Y − φ2M3

ε (φ)

µ2,1
W,Y − φM3

ε (φ)
=
µ1,2
W,Y − φ2 µ3Wµ1,2W,Y −(µ2,1W,Y )2

φ2µ3W+µ1,2W,Y −2φµ2,1W,Y

µ2,1
W,Y − φ

µ3Wµ1,2W,Y −(µ2,1W,Y )2

φ2µ3W+µ1,2W,Y −2φµ2,1W,Y

=
µ1,2
W,Y (φ2µ3

W + µ1,2
W,Y − 2φµ2,1

W,Y )− φ2[µ3
Wµ

1,2
W,Y − (µ2,1

W,Y )2]

µ2,1
W,Y (φ2µ3

W + µ1,2
W,Y − 2φµ2,1

W,Y )− φ[µ3
Wµ

1,2
W,Y − (µ2,1

W,Y )2]

=
φ2(µ2,1

W,Y )2 − 2φµ2,1
W,Y µ

1,2
W,Y + (µ1,2

W,Y )2

φ2µ2,1
W,Y µ

3
W + µ1,2

W,Y µ
2,1
W,Y − 2φ(µ2,1

W,Y )2 − φµ3
Wµ

1,2
W,Y + φ(µ2,1

W,Y )2

=
(φµ2,1

W,Y − µ
1,2
W,Y )2

φµ3
W (φµ2,1

W,Y − µ
1,2
W,Y )− µ2,1

W,Y (φµ2,1
W,Y − µ

1,2
W,Y )

=
(φµ2,1

W,Y − µ
1,2
W,Y )2

(φµ2,1
W,Y − µ

1,2
W,Y )(φµ3

W − µ
2,1
W,Y )

=
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

.

Further, we have that

M2
ε (φ) =

µW,Y −Mφ+δ(φ)µ2
W

φ−Mφ+δ(φ)
=
µW,Y −

(φµ2,1W,Y −µ
1,2
W,Y )

(φµ3W−µ
2,1
W,Y )

µ2
W

φ− (φµ2,1W,Y −µ
1,2
W,Y )

(φµ3W−µ
2,1
W,Y )

=
µW,Y (φµ3

W − µ
2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )µ2

W

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

and

M2
U(φ) ≡ µ2

W −M2
ε (φ) = M2

U(φ) ≡ µ2
W −

µW,Y (φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )µ2

W

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

=
(φµ3

W − µ
2,1
W,Y )(φµ2

W − µW,Y )

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

,

and

M2
η (φ) = µ2

Y −Mφ+δ(φ)2M2
U(φ)− φ2M2

ε (φ)

where

−Mφ+δ(φ)2M2
U(φ)− φ2M2

ε (φ)

= (−Mφ+δ(φ)2 + φ2)M2
U(φ)− φ2µ2

W

= (φ−Mφ+δ(φ))(φ+Mφ+δ(φ))M2
U(φ)− φ2µ2

W

=
φ(φµ3

W − µ
2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

φ(φµ3
W − µ

2,1
W,Y ) + (φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

×
(φµ3

W − µ
2,1
W,Y )(φµ2

W − µW,Y )

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

− φ2µ2
W

= (φµ2
W − µW,Y )

φ(φµ3
W − µ

2,1
W,Y ) + (φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

− φ2µ2
W
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so that

M2
η (φ) = µ2

Y + (φµ2
W − µW,Y )(φ+

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)− φ2µ2
W .

Next, we examine the terms in (5). We have

(2Mφ+δ(φ)− φ)M2
U(φ) + (2φ−Mφ+δ(φ))M2

ε (φ)

= (2Mφ+δ(φ)− φ)M2
U(φ) + (2φ−Mφ+δ(φ))(µ2

W −M2
U(φ))

= 3(Mφ+δ(φ)− φ)M2
U(φ) + (2φ−Mφ+δ(φ))µ2

W

= −3
φ(φµ3

W − µ
2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

(φµ3
W − µ

2,1
W,Y )(φµ2

W − µW,Y )

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

+(2φ−
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2
W

= −3(φµ2
W − µW,Y ) + (2φ−

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2
W .

Further, we have that

(φ−Mφ+δ(φ))M2
U(φ) =

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

(φµ3
W − µ

2,1
W,Y )(φµ2

W − µW,Y )

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

= (φµ2
W − µW,Y )

and

(φ−Mφ+δ(φ))M2
ε (φ) =

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µW,Y (φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )µ2

W

φ(φµ3
W − µ

2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )

=
µW,Y (φµ3

W − µ
2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y )µ2

W

(φµ3
W − µ

2,1
W,Y )

= µW,Y −
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ2
W ,

so that

(φ+Mφ+δ(φ))(φ−Mφ+δ(φ))2M2
U(φ)M2

ε (φ)

= (φ+
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)(φµ2
W − µW,Y )[µW,Y −

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ2
W ].
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Thus we have that

−µ1,3
W,Y − φMφ+δ(φ)µ3,1

W,Y + (φ+Mφ+δ(φ))µ2,2
W,Y − (φ+Mφ+δ(φ))(φ−Mφ+δ(φ))2M2

U(φ)M2
ε (φ)

+(2Mφ+δ(φ)− φ)M2
U(φ)M2

η (φ) + (2φ−Mφ+δ(φ))M2
ε (φ)M2

η (φ)

= −µ1,3
W,Y − φ

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ3,1
W,Y + (φ+

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2,2
W,Y

−(φ+
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)(φµ2
W − µW,Y )[µW,Y −

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ2
W ]

+[−3(φµ2
W − µW,Y ) + (2φ−

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2
W ]

×[µ2
Y + (φµ2

W − µW,Y )(φ+
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)− φ2µ2
W ]

= −µ1,3
W,Y − φ

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ3,1
W,Y + (φ+

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2,2
W,Y

+(φ+
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)(φµ2
W − µW,Y )

×[−(µW,Y −
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ2
W )− 3(φµ2

W − µW,Y ) + (2φ−
(φµ2,1

W,Y − µ
1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2
W ]

+[−3(φµ2
W − µW,Y ) + (2φ−

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2
W ][µ2

Y − φ2µ2
W ]

= −µ1,3
W,Y − φ

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

µ3,1
W,Y + (φ+

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)[µ2,2
W,Y + (φµ2

W − µW,Y )(−φµ2
W + 2µW,Y )]

+[−3(φµ2
W − µW,Y ) + (2φ−

(φµ2,1
W,Y − µ

1,2
W,Y )

(φµ3
W − µ

2,1
W,Y )

)µ2
W ][µ2

Y − φ2µ2
W ]

= 0.

Multiplying by (φµ3
W − µ

2,1
W,Y ) gives

−µ1,3
W,Y (φµ3

W − µ
2,1
W,Y )− φ(φµ2,1

W,Y − µ
1,2
W,Y )µ3,1

W,Y

+[φ(φµ3
W − µ

2,1
W,Y ) + (φµ2,1

W,Y − µ
1,2
W,Y )][µ2,2

W,Y + (φµ2
W − µW,Y )(−φµ2

W + 2µW,Y )]

+[−3(φµ2
W − µW,Y )(φµ3

W − µ
2,1
W,Y ) + (2φ(φµ3

W − µ
2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y ))µ2

W ][µ2
Y − φ2µ2

W ] = 0.

Note that

φ(φµ3
W − µ

2,1
W,Y ) + (φµ2,1

W,Y − µ
1,2
W,Y ) = φ2µ3

W − µ
1,2
W,Y
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and

−3(φµ2
W − µW,Y )(φµ3

W − µ
2,1
W,Y ) + (2φ(φµ3

W − µ
2,1
W,Y )− (φµ2,1

W,Y − µ
1,2
W,Y ))µ2

W

= −3φ2µ2
Wµ

3
W + 3φµ2

Wµ
2,1
W,Y + 3µW,Y φµ

3
W − 3µW,Y µ

2,1
W,Y + (2φ2µ3

W − 3φµ2,1
W,Y + µ1,2

W,Y )µ2
W

= −φ2µ2
Wµ

3
W + 3φµW,Y µ

3
W − 3µW,Y µ

2,1
W,Y + µ1,2

W,Y µ
2
W

= −µ2
W (φ2µ3

W − µ
1,2
W,Y ) + 3µW,Y (φµ3

W − µ
2,1
W,Y )

We can then rewrite the equation as

−µ1,3
W,Y (φµ3

W − µ
2,1
W,Y )− φ(φµ2,1

W,Y − µ
1,2
W,Y )µ3,1

W,Y

+(φ2µ3
W − µ

1,2
W,Y )[µ2,2

W,Y + (φµ2
W − µW,Y )(−φµ2

W + 2µW,Y )]

+[−µ2
W (φ2µ3

W − µ
1,2
W,Y ) + 3µW,Y (φµ3

W − µ
2,1
W,Y )][µ2

Y − φ2µ2
W ]

= (φµ3
W − µ

2,1
W,Y )(−µ1,3

W,Y + 3µW,Y (µ2
Y − φ2µ2

W ))− φ(φµ2,1
W,Y − µ

1,2
W,Y )µ3,1

W,Y

+(φ2µ3
W − µ

1,2
W,Y )[µ2,2

W,Y + (φµ2
W − µW,Y )(−φµ2

W + 2µW,Y )− µ2
W (µ2

Y − φ2µ2
W )]

= (φµ3
W − µ

2,1
W,Y )(−µ1,3

W,Y + 3µW,Y (µ2
Y − φ2µ2

W ))− φ(φµ2,1
W,Y − µ

1,2
W,Y )µ3,1

W,Y

+(φ2µ3
W − µ

1,2
W,Y )[µ2,2

W,Y + 3φµ2
WµW,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ]

= φµ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y − 3µW,Y φ

2µ2
W )− µ2,1

W,Y (−µ1,3
W,Y + 3µW,Y (µ2

Y − φ2µ2
W ))

−φ(φµ2,1
W,Y − µ

1,2
W,Y )µ3,1

W,Y + (φ2µ3
W − µ

1,2
W,Y )[µ2,2

W,Y + 3φµ2
WµW,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ]

= φµ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y )− µ2,1

W,Y (−µ1,3
W,Y + 3µW,Y (µ2

Y − φ2µ2
W ))

−φ(φµ2,1
W,Y − µ

1,2
W,Y )µ3,1

W,Y + φ2µ3
W (µ2,2

W,Y − 2µW,Y µW,Y − µ2
Wµ

2
Y )

−µ1,2
W,Y [µ2,2

W,Y + 3φµ2
WµW,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ]

= φ2(3µ2,1
W,Y µW,Y µ

2
W − µ

2,1
W,Y µ

3,1
W,Y + µ3

W (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ))

+φ(−µ1,3
W,Y µ

3
W + 3µW,Y µ

2
Y µ

3
W + µ1,2

W,Y µ
3,1
W,Y − 3µ1,2

W,Y µ
2
WµW,Y )

+µ2,1
W,Y µ

1,3
W,Y − 3µ2,1

W,Y µW,Y µ
2
Y − µ

1,2
W,Y (µ2,2

W,Y − 2µW,Y µW,Y − µ2
Wµ

2
Y )

= 0.

Thus, we have a quadratic equation of the form

φ2(µ2,1
W,Y (3µW,Y µ

2
W − µ

3,1
W,Y ) + µ3

W (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ))

+φ(µ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y ) + µ1,2

W,Y (µ3,1
W,Y − 3µ2

WµW,Y ))

+µ2,1
W,Y (µ1,3

W,Y − 3µW,Y µ
2
Y )− µ1,2

W,Y (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y )

= Aφ2 +Bφ+ C = 0.
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The roots of this equation are given by

f1 =
−B −

√
∆

2A.
and f2 =

−B +
√

∆

2A.

where

∆ = B2 − 4AC

= (µ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y ))2 + (µ1,2

W,Y (µ3,1
W,Y − 3µ2

WµW,Y ))2

+2(µ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y ))(µ1,2

W,Y (µ3,1
W,Y − 3µ2

WµW,Y ))

−4(µ2,1
W,Y (3µW,Y µ

2
W − µ

3,1
W,Y ) + µ3

W (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ))

×(µ2,1
W,Y (µ1,3

W,Y − 3µW,Y µ
2
Y )− µ1,2

W,Y (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ))

= (µ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y ))2 + (µ1,2

W,Y (µ3,1
W,Y − 3µ2

WµW,Y ))2

+2(µ3
W (−µ1,3

W,Y + 3µW,Y µ
2
Y ))(µ1,2

W,Y (µ3,1
W,Y − 3µ2

WµW,Y ))

−4(µ2,1
W,Y (3µW,Y µ

2
W − µ

3,1
W,Y ) + µ3

W (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ))

×(µ2,1
W,Y (µ1,3

W,Y − 3µW,Y µ
2
Y )− µ1,2

W,Y (µ2,2
W,Y − 2µW,Y µW,Y − µ2

Wµ
2
Y ))

The system is symmetric in (φ, ε) and (φ + δ, U). In particular, for any given solution,

there exits a second solution that interchanges the role of the variables ε and U , as well as

their coeffi cients φ and φ+δ. It follows that f1−f2 corresponds to either φ−(φ+δ) = −δ or
(φ+ δ)−φ = δ. (Alternatively, Mδ(f1) = −Mδ(f2)). Therefore, knowing the sign of δ would

identify the unique root. Further, we have that M2
U(f1) = M2

ε (f2) and M2
U(f2) = M2

ε (f1).

Therefore, knowing that µ2
ε ≤ µ2

U would identify the unique root.
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